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Abstract. An important theorem by Beilinson describes the bounded derived 
category of coherent sheaves on P n , yielding in particular a resolution of every 
coherent sheaf on P™ in terms of the vector bundles f2p„(jr) for < j < n. 
This theorem is here extended to weighted projective spaces. To this purpose 
we consider, instead of the usual category of coherent sheaves on P(w) (the 
weighted projective space of weights w = (wo, . . . , w n )), a suitable category 
of graded coherent sheaves (the two categories are equivalent if and only if 
wo = ■ ■ • = w n = 1, i.e. P(w) = P n ), obtained by endowing P(w) with a 
natural graded structure sheaf. The resulting graded ringed space P(w) is 
an example of graded scheme (in chapter 1 graded schemes are denned and 
studied in some greater generality than is needed in the rest of the work). 
Then in chapter 2 we prove for graded coherent sheaves on P(w) a result 
which is very similar to Bcilinson's theorem on P n , with the main difference 
that the resolution involves, besides f2^ ^(j) for < j < n, also Cp^ w j(i) for 

This weighted version of Bcilinson's theorem is then applied in chapter 3 
to prove a structure theorem for good birational weighted canonical projections 
of surfaces of general type (i.e., for morphisms, which are birational onto the 
image, from a minimal surface of general type S into a 3— dimensional P(w), 
induced by 4 sections cr; £ H°(S,Os(~WiKg))). This is a generalization of a 
theorem by Catanese and Schreyer (who treated the case of projections into 
P 3 ), and is mainly interesting for irregular surfaces, since in the regular case a 
similar but simpler result (due to Catanese) was already known. The theorem 
essentially states that giving a good birational weighted canonical projection 
is equivalent to giving a symmetric morphism of (graded) vector bundles on 
P(w), satisfying some suitable conditions. Such a morphism is then explicitly 
determined in chapter 4 for a family of surfaces with numerical invariants 
p g = q = 2, K 2 = 4, projected into P(l, 1, 2, 3). 
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Introduction 



A classical method to study algebraic surfaces of general type is to consider the 
behaviour of pluricanonical maps (see e.g. the important paper |Bop . If So is a 
(smooth, projective) minimal surface of general type (over an algebraically closed 
field K) , denoting by Ks the canonical divisor on So and by ujs = Os {Ks ) the 
canonical sheaf, the m th canonical map is the rational map (p\ m K So \ '■ So —■* P N 
determined by the linear system |m-Ks |. More generally, one can consider a map 
into a weighted projective space, induced by sections of different multiples of -Ks - 
More precisely, given positive numbers w = (wo, ■ ■ • , w„), we denote by P(w) (or 
simply by P) the weighted projective space of weights w, which is defined as Proj P, 
where P = P(w) is the polynomial ring K[xo, ■ ■ ■ , x n ] graded by deg(a;i) = Wj. Then 
the choice of sections <7j 6 if°(So, Ua 1 ) determines a rational map <j>Q : So P, 
called a weighted canonical projection. 4>q is called good birational if it is a morphism 
which is birational onto its image Yo C P. Such a map always factors through the 
canonical model X of So (which is defined as Proj 1Z, where 1Z := d>o H°(Sq, uj^ o ) 
is the canonical ring of So): 



Xo is a surface with only rational double points as singularities (the birational 
morphism 7To contracts (— 2)-curves of So), which essentially behaves like So- The 
advantage of considering tp instead of 4>q is that it is a finite morphism, induced 
by the morphism of graded rings 



It follows from known results on pluricanonical maps that every surface of general 
type admits a good birational weighted canonical projection to a 3-dimensional 
weighted projective space with weights wo,wi < 2, W2 < 3 and W3 < 5. 

So let's assume that 0o : So — * P is a good birational weighted canonical 
projection with dimP = 3. If So is regular (i.e. g(So) := /i 1 (So,Os ) = 0) good 
results can be obtained by looking for (graded) free resolutions of the canonical ring 
7Z, regarded as a graded P-module via the morphism g defined before. In |Clj it 
is proved that 1Z always admits a length 1 resolution of the form 



Y CP 




Xo 



g : P(w) -> K 



h h 
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(with |w| := X^=o Wi ) where a is a minimal symmetric matrix of homogeneous 
polynomials a,,j 6 P|w|+i-/j-i; for some integers = l± < fa < • • • < lh) ot being 
minimal means that a^- = if l{ + lj > |w|. Moreover, a satisfies the following 
properties: 

(1) f := det(a) is an irreducible homogeneous polynomial defining Y = 
ProjP/(f) C P; 

(2) (rank condition) denoting by (3 the matrix of cofactors of a, 

\ i=l,...,h) = {Pi j \ i,j = l,...,h) 

as ideals of P. 

This last condition is seen to be equivalent to the fact that cokera carries a 
natural structure of P/(f)-algebra ("rank condition = ring condition"). Then the 
important fact is that, conversely, if a is a minimal symmetric matrix satisfying 
the two conditions above (so that cokera is a ring) and if moreover Proj (cokera) 
is a surface with only rational double points as singularities, then cokera is the 
canonical ring of a surface of general type. 

Using this result Catanese could prove interesting applications to moduli prob- 
lems: for instance, he showed that the surfaces with numerical invariants K 2 = 7, 
p g = 4 (and q = 0, of course) such that the canonical map is base point free, have 
a unirational irreducible moduli space. 

The reason why this method works well only for regular surfaces is that only in 
this case is 1Z a Gorenstein ring (hence it has a resolution of length 1 as graded P- 
module). On the other hand, a closely related approach is possible also in the case 
of irregular surfaces: the idea is to look for locally free resolutions of the coherent 
sheaf 1Z~ = </>o*Os on P. In particular, for projections into P 3 the following 
theorem is proved in |CS| (see also |C2| ). 

Theorem (Catanese-Schreyer). Let So be a minimal surface of general 
type with p g (So) = p g , g(So) = q and K 2 — K , let <f>Q : So — > Yo C P 3 be a good 
birational canonical projection, and consider the vector bundle 

£ ■.= o{~2) p <>- q+K2 - 9 © n\-i) q © {n 2 f^ A 

on P 3 . Then there exists an exact sequence of coherent sheaves on P 3 

»K') 

-> (O © £ ) v (-5) — ^ U 0(S£^ (f>o*0 So 0, 

such that a is a minimal morphism which satisfies the following properties: 

(1) a is symmetric, i.e. a = a v (— 5); 

(2) f = det(a) is an irreducible polynomial (defining Y = ProjP/(f)J; 

(3) I r {a) = T r {a!) (where r :— rk(£) and, if (3 : £\ — > £2 is a morphism of 
vector bundles, Ik (P) denotes the sheaf of ideals defined by the image of 
the natural map A k (£i) © A fc (£ 2 ) v — ► Opa induced by A fc (/3) ); 

(4) Xo := Spec(cokera) is a surface with only rational double points as sin- 
gularities. 

Conversely, if a : (O © £) v (— 5) — > O © £ is minimal and satisfies properties 
1, 2, 3, then cokera is in a natural way a coherent sheaf of commutative Oy ~ 
algebras, and if 4 also holds, then, denoting by ttq '■ So — > Xo a minimal resolution 
of singularities 0/X0, So is a minimal surface of general type with p g (So) = Pg, 
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<?(So) = Q and K$ = K 2 , Xo is its canonical model and <f>o : So Xo — > Yo is a 
good birational canonical projection. 

The main purpose of this work is to extend the above result to the weighted 
case. Before we can say how this is done, we have to discuss briefly the main 
elements in the proof of the above theorem. The essential ingredient is a famous 
theorem by Beilinson f |B1| ). which (in its more concrete version) gives, for every 
coherent sheaf T on P n , a two-sided resolution (i.e., a complex y° = y* (J 7 ) whose 
cohomology is T in position and elsewhere) in terms of the vector bundles of 
twisted differential forms Qp n (j). One can always take a minimal such resolution, 
and then it is explicitly given by 

0<j<n 

In our case Beilinson's theorem is applied to the coherent sheaf T := (j)Q*O$ (2) 
on P 3 : the complex y°(T)(— 2) is then a resolution of </>o*Cs j which is easily seen 
to be quasi-isomorphic to one of the form — > (O ® £) v (— 5) — > O ffi £ — > 
(with a not necessarily symmetric). The fact that a can be actually chosen to 
be symmetric is a consequence of the birationality of 4>o- Then the rest of the 
proof is rather straightforward, using a result which says that (under quite general 
assumptions) the condition T r [a) — T r (a') (which is just the sheafified version of 
the rank condition already discussed for modules) is equivalent to the fact that 
cokera has a natural structure of a sheaf of commutative 0Y o -a lg e bras . 

The principal difficulties in trying to extend both theorems to the weighted case 
reside in the fact that weighted projective spaces are singular varieties, presenting 
several pathologies: in particular, the sheaves of the form 0(i) or fi J '(i) are not 
locally free in general. The technique used to overcome such problems is to consider, 
instead of the usual category of sheaves of modules on P, a category of graded 
sheaves, which we are now going to describe, and which turns out to be much 
better behaved (a similar method is used in B and GL , where however a different 
graduation is used). 

Let R = © d>0 Rd be a noetherian positively graded ring (R = P and R = 1Z 
are the examples we are interested in): one can consider a "graded scheme" Proj R 
(we will write P for ProjP), which is equal to Proj R as a topological space, but 
which has a Z-graded structure sheaf 

del 

In other words, Proj R is defined as Proj R, except that in the definition of the 
structure sheaf one takes as stalk at a point p (p is a homogeneous, non maximal 
prime ideal of R) the whole local Z-graded ring R v := 5 f_1 i? (where S denotes 
the set of homogeneous elements of R \ p), instead of its degree part R( p )- It 
is clear that there is a natural notion of graded sheaf of modules on Proj R; in 
particular, if M is a graded i?-module, one can consider the associated graded 
sheaf M~ := d>o M (as before, the stalk at p of M~ is M p instead of M (p) ). 
Denoting Proj R by Z and Proj R by Zq, we will use the (abelian) category Mod(Z) 
of graded sheaves of Oz-modules, instead of the usual category Mod(Zo) of sheaves 
of Oz„ modules (similar considerations can be made for the subcategories of quasi- 
coherent and coherent sheaves, of which natural definitions can be given also in the 
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graded case). The two categories are in any case closely related: sending a graded 
sheaf T to Tq clearly defines an exact functor 

-o : Mod(Z) -> Mod(Z ). 

Moreover, it is easy to see that there exists (not unique) a functor 

F : Mod(Zo) -> Mod(Z) 

such that -|joF = id. This is important for us, because if Q is a sheaf on Zq and 
C* is a resolution of F(Q), then C* will be a resolution of Q. One can also prove 
that —o is an equivalence if and only if Vp G Proj R the graded ring R v contains an 
invertible element of degree 1. This is always the case if R = 1Z (the canonical ring 
of a surface of general type), whereas if R = P(w) this condition is satisfied if and 
only if w = (1, . . . , 1). 

As we mentioned before, the category Mod(Z) is usually nicer than Mod(Zo), 
mainly because in the graded case there is a natural way to define twist functors: 
if T is a graded sheaf and d £ Z, one sets, as usual, T{d)i := Td+i- These functors 
satisfy all the good properties one expects: they are exact, (d) o (d') = (d + d'), (d) 
is isomorphic to — <8>e> z Oz(d), if M is a graded i?-module then M(d)~ = M~(d), 
and so on. On the contrary, there is not a good notion of twist functors on Zq in 
general (for instance when Zo = P(w) is not isomorphic to a P"): one can define 
(d) as — ®o Zq ®z {d) or as Tiomo z {Oz (—d),—) (which is usually better), but 
in either case they are not well behaved. Moreover, the sheaves Oz(j) are always 
locally free by definition. 

It was pointed out by the referee that (at least when R is a field) our category 
of graded (quasi)coherent sheaves on Z is equivalent to the category considered in 
AKO (which appeared on the web after the submission of the present paper) of 
(quasi)coherent sheaves on the quotient algebraic stack of Speci? \ {R+} by the 
action of the multiplicative group G rn induced by the graduation of R. 

The use of graded sheaves allows us to prove a version of Beilinson's theorem 
on a (graded) weighted projective space P = P(w), which is much better than the 
one of |Calj . As in the case of P™, we prove it first in an abstract form (as an 
equivalence between the bounded derived category of graded coherent sheaves and 
a suitable homotopy category of graded modules, see 12.2.41 similar results are also 
proved in B and AKO ) and then give the explicit form of the minimal resolution 
of every (graded coherent) sheaf, or, more generally, of every bounded complex of 
sheaves (|2.5.8H . Such a resolution involves, besides the sheaves ^(j) (which can 
be defined in a natural way, and which are locally free), also the sheaves Op(j) 
for n — |w| < j < 0. While the coefficients of the fi J '(j) in the resolution of a 
(graded coherent) sheaf T are again given by the dimensions of cohomology groups 
of twists of T (the same as in the case of P n ), the coefficients of the 0(j) are more 
complicated, since they are expressed as the dimensions of cohomology groups of 
T tensored with suitably defined complexes of sheaves. 

This weighted version of Beilinson's theorem can be usefully applied to extend 
the theorem by Catanese and Schreyer to the case of weighted projections. Before 
one can do that, however, it is necessary to generalize somehow the graded theory 
we have considered so far, mainly because we need an analogue, in the graded 
case, of the definition of Spec of a sheaf of algebras on P 3 . Without entering into 
details, we will just say that we give a general definition of graded scheme (which 
includes both the Proj R defined before and usual schemes as particular cases), 
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such that every graded scheme is locally isomorphic to what we denote by Spec of 
a Z-graded ring A (as a set, it consists of homogeneous prime ideals of A, and it 
is just Spec if A = A ). Then one can define, as usual, a sheafified version Spec 
of Spec for graded sheaves of algebras on a graded scheme. We need moreover to 
extend also the surfaces Xo, Yo and So to graded schemes X, Y and S: this is done 
by setting (obviously) X := ProjTvL, Y := ProjP/(f), whereas S is equal to So as a 
topological space and has structure sheaf Os '■= ©dez^So- Also the maps 7To, (f>o 
and extend naturally to morphisms of graded schemes 7r, <j) and ip. As we have 
already said, X has the property that the categories of graded sheaves and of usual 
sheaves are equivalent, and the same is true for S. Our main theorem (|3.5.1|) is then 
quite similar to that of Catanese and Schreyer, except that everything is graded (of 
course, if w = (1, 1, 1, 1), our version coincides with theirs, modulo the equivalences 
of categories mentioned before). The general case is however more complicated, 
since the vector bundle £ now contains some extra terms of the form Op(j) (coming 
from the Beilinson resolution), whose coefficients are no more uniquely determined 
by the numerical invariants of the surface, but depend on the projection 4>. Apart 
from that, everything is very similar to the not weighted case, also in the proof 
(where, again, the point which requires more care is the explicit determination of 
£ = £{<t>)). 

It must be said that our result, though interesting from a theoretical point of 
view (since it provides, in principle, a description as locally closed algebraic sets 
of the moduli spaces of surfaces of general type together with a good birational 
weighted canonical projection), doesn't seem to be of great practical utility. The 
problem is that for irregular surfaces (as we are interested in) the vector bundle £ 
has always a high rank, and then the conditions to impose on the morphism a (in 
particular the rank condition) become almost intractable. However, to illustrate our 
result we explicitly compute the resolution for a class of surfaces with p g = q = 2 
and K 2 = 4, namely the double covers of a principally polarized abelian surface 
(A, 9), branched on a divisor of |20|. In order to do that, we need (among other 
things) to determine the structure of the ring of theta functions of an abelian 
surface. 

As for the contents of the single chapters (hopefully clear from the table of con- 
tents and from what we said) we just want to say that chapter 1 contains also some 
material on graded schemes which is not needed in the sequel, and which has been 
included for the sake of completeness; a short description of the relation between 
graded schemes and algebraic stacks is also present. The appendix mainly con- 
tains the essential facts about derived categories and derived functors; the notation 
introduced there is freely used in the text, especially from chapter 2. 

Acknowledgements. This work originates from my Ph. D. thesis. It is 
a pleasure for me to thank here my thesis advisor Fabrizio Catanese, for posing 
the problem and helping me in several ways to solve it in the course of the years. 
Thanks also to Miles Reid and Frank-Olaf Schreyer for fruitful discussions I had 
with them and to Sorin Popescu for pointing out the existence of [Bj . 
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Graded schemes 

By the word graded we will always mean Z-graded. If A is a graded object 
(ring, module, sheaf,. . . ) we will write it as © dgZ Xj, where X d is the component 
of degree d. We will denote by X hom the set of homogeneous elements of X. 

As we said in the introduction, the main motivation for this chapter came from 
the necessity of defining, given a noetherian positively graded ring R, the "graded 
scheme" Proj R (by which we mean a topological space equal to Proj R and a 
graded structure sheaf given by Op^j R = Q) deIi Op ro j n(d))- On the other hand, 
since such an object is not a scheme in the usual meaning of the word, we need to 
give a definition of graded scheme. This can be done in a quite natural way (at 
least with noetherian hypotheses, which we put, for simplicity, in the definition of 
graded scheme): first of all, a graded scheme will be a locally graded ringed space 
(X,Ox), i-e. a (noetherian) topological space A, together with a structure sheaf 
of graded rings Ox such that every stalk Ox,x is a local graded ring (a graded 
ring with a unique maximal homogeneous ideal). Moreover, we require X to be 
locally isomorphic to Spec A for some noetherian graded ring A, where we denote 
by Spec A the following locally graded ringed space: as a topological space, Spec A 
is given by the homogeneous prime ideals of A (with the obvious topology), and 
the graded structure sheaf Og^ A is defined in such a way that the stalk at a point 
p G Spec A is given by the localization A v := {A hom \ p) _1 A 

With this definition Proj R is indeed a graded scheme: it is locally isomorphic 
to Spec R r for some r e R\ om (R r := {r n \ n e N} _1 i?). Notice also that graded 
schemes include usual (noetherian) schemes. It is clear that one can extend many 
aspects of the theory of schemes to graded schemes, but here we are not much 
interested in that. Again influenced by the example of Proj R, where our aim is to 
compare the category of graded sheaves on Proj R with the category of sheaves on 
Proj R, we are rather interested in those graded schemes where a similar comparison 
is possible, i.e. graded schemes X such that X := (A, (Ox)o) is a scheme. This 
is certainly the case if A is locally isomorphic to Spec A, with A a graded ring 
such that Spec A and Spec A are homeomorphic: we call such schemes (and such 
rings) good. Examples of good rings are graded rings containing an invertible 
element of positive degree (such as R r above), which we call quasi-standard (we 
call standard, instead, those containing an invertible element of degree 1), and 
graded rings such that every element of degree ^ is nilpotent, which we call 
quasi-trivial (we call trivial, instead, those concentrated in degree 0). Then we 
prove that a good noetherian local graded ring is either quasi-standard or quasi- 
trivial, so that a connected good graded scheme is also either quasi-standard or 
quasi-trivial. 
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As we said before, given a good graded scheme X we can compare the category 
M.od(X) of graded sheaves of Ox-modules and the category Mod(Xo) of sheaves 
of 0jf o -modules. There is an obvious exact functor — o : M.od(X) — > Mod(Xo), 
and we prove that it admits a right and a left adjoint, which are both right inverse 
of it, and that it is an equivalence of categories if and only if X is standard. Similar 
results hold also for the subcategories of (quasi)coherent graded sheaves, which can 
be defined in the usual way. 

When X is of the form Proj R (with Rq a field) it turns out that the category 
of (quasi)coherent graded sheaves on X is equivalent to the category (considered 
in |AKO| l of (quasi)coherent sheaves on the quotient algebraic stack naturally 
associated to Proj R, and we show that a similar result holds for more general 
graded schemes. 

1.1. Graded rings and modules 

Definition 1.1.1. Let A be a graded ring. 1 The topological space SpecA is 
the set of homogeneous prime ideals of A with topology defined in the following 
way: a subset of Spec A is closed if and only if it is of the form 

V(a) := {p € Spec A | a C p} 

for some homogeneous ideal a of A. 

As usual this is well defined, and the open subsets of the form D(a) :— Spec 
V((a)) (for a S A hom ) form a base of the topology of Spec A. A morphism of 
graded rings (i.e. a morphism of rings preserving degrees) tp : A — > B induces a 
continuous map / : Speci? — > Spec^l (defined by /(p) := yj _1 (p)), so that Spec 
is a contravariant functor from the category of graded rings to the category of 
topological spaces. 

Of course, Spec A = Spec A if Ad = for d ^ 0. 

Lemma 1.1.2. Let A be a graded ring. The natural map 

f : Spec A — > Spec Aq 
P i-> po 

is continuous, closed and surjective. 

Moreover, Vq € Spec Aq 3!q £ / _1 (q) such that p C q Vp S / _1 (q)- 

//p £ Spec A then p = po if and only if the following condition is satisfied 

Vd e Z: p<j = A d p_ d = A- d . 

Proof. / is clearly continuous (it is the map induced by the morphism of 
graded rings A ^> A), 

Vq € Spec Aq the homogeneous ideal q of A defined by 

q d := {a e A d \ (o) Q q} Vd e Z 

is prime: indeed, if a, b E A hom \ q 5 by definition of q there exist c, d £ A hom such 
that ac, bd S Aq \ q. Since q is prime this implies that abed £ Aq \ q = (A \ q)o, 
whence ab £ q. Now it is clear that q satisfies the required property, and so, in 
particular, / is surjective. 



Unless otherwise stated, all rings are assumed to be (strictly) commutative with unit. 
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In order to prove that / is closed, it is enough to show that for every homoge- 
neous ideal a of A, /(V(a)) = V(slq). Obviously /(T/(a)) C ^(ao), and conversely 
Vq G V^(ao) we have q = /(q) and q G V(&). 

As for the last statement, if p € Spec A satisfies p = po and pd = Ad for some 
d, then Va G A-d we have (a)o C p , which implies that p_<j = A-d- Conversely, 
if P £ Po then 3a G (po \ p)^ for some d G Z, whence p^ C j4 d and p_d = 
(V6 G A^d we have a6 G (po)o = Po)- D 



Definition 1.1.3. A graded ring A is good if the natural map Spec A — > Spec ^4o 
is injective (and hence a homeomorphism bv ll.l.2|) . 

Remark 1.1.4. It follows from ll.ll^l that a graded ring A is good if and only if 
p = po Vp G Spec A, which is true if and only if the following condition is satisfied 
\fd G Z: p d = A d p-d = A- d - 

Definition 1.1.5. A graded ring A is trivial (respectively quasi-trivial) if every 
element of A^ is zero (respectively nilpotent). 

Definition 1.1.6. A graded ring is standard (respectively quasi-standard) if it 
contains an invertible homogeneous element of degree 1 (respectively > 0) . 

Lemma 1.1.7. A graded ring A is quasi-trivial if and only if A^q C p Vp G 



Spec A. 

Proof. It is an immediate consequence of the following algebraic fact: if a is 
a homogeneous ideal of a graded ring A, then -^/a = P| p ev(a) P- ^ 

LEMMA 1.1.8. A graded ring A is standard if and only if it is isomorphic to 
A [t, f -1 ], where deg(i) = 1. 

Proof. One implication is obvious, since t is invertible and of degree 1 in 
Ao[^ -1 ]- Conversely, if A is a graded ring and a G A\ is invertible, then the 
morphism of graded rings ip : Ag[t, t^ 1 ] — > A defined by ip(t) = a is easily seen to 
be an isomorphism. □ 

Lemma 1.1.9. For a graded ring A the following implications are true: 

A standard =>■ A quasi- standard =>• A good, 
A trivial =>■ A quasi-trivial =4> A good. 

Proof. The implications on the left are obvious. 

If A is quasi-standard, bv ll.l.4l we have to prove that if p G Spec A is such that 
Pd = Ad for some d G Z, then also p_d = A-d- Now, if s G A n (n > 0) is invertible 
and a G A-d, then s d a n ~ 1 G Ad C p, whence n > 1 and a G p. 

If A is quasi-trivial, then A^o C p Vp G Spec A bv ll.1.71 whence A is good by 

rrm ' □ 

If A is a graded ring, S C A hom will be called a homogeneous multiplicative 
system if ^ S and a, b G S ==>■ ab G S 1 . As usual, one can define the localized 
graded ring S~ X A and, for every graded ^4-module M, the graded S ,_1 ^4-module 
5 -1 M. If 5 = {a™ | n G N} for some a G A hom not nilpotent and T = A hom \ p for 
some p G Spec A, we will write A a , M a and A p , M v instead of S~ 1 A, S~ X M and 
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Example 1.1.10. If R is a positively graded ring (i.e. Rd = if d < 0) and 
r E R n (n > 0) is not nilpotent, then clearly the localization R r is a quasi-standard 
(and also standard if n = 1) graded ring. 

On the other hand, R itself is never quasi-standard, and it is good if and only 
if it is quasi-trivial (this follows easily from 11.1.41 and 11.1.7(1 . 

Lemma 1.1.11. Let A be a graded ring, M a graded A-module and S C A 
a homogeneous multiplicative system such that Vd E Z Sd = S-d = 

0. Then the natural morphism of Sq 1 Ag-modules f : Sq Mq — > (S~ 1 AI)o is an 
isomorphism. 

Proof. / is injective: if m E Mo and s E So are such that raj s = in 
(S~ 1 M)q, there exist d E Z and t E Sd such that tm = 0. By hypothesis there exist 
t' E S-d, and so t'tm = 0, which implies that raj s = in S ~ 1 Mq because t't E So. 

f is surjective: given m/s E (S~ l M)o (with m E Aid and s E Sd for some 
d E Z) by hypothesis there exists s' E S-d, whence m/s = f ((s' m) / (s' s)) . □ 

Corollary 1.1.12. If A is a good graded ring and M a graded A-module, 
then Vp E Spec A the natural morphism of (Ao) Po -modules (Mo) po — > (M p )o is an 
isomorphism. 

Proof. By 11.1.41 the multiplicative system A hom \ p satisfies the condition of 

imn □ 

Proposition 1.1.13. Let A be a graded ring and S C A a homogeneous mul- 
tiplicative system. If A is good or quasi-standard or standard or quasi-trivial or 
trivial, then so is S~ 1 A. 

Proof. Obvious if A is quasi-standard or standard or trivial; if A is quasi- 
trivial, the statement follows immediately from the fact that S E\ Ao- 

If A is good, given q, q' E Spec(S'^ 1 A) such that q ^ q', we have to show that 
q 7^ q . Since there is a one to one correspondence between {p E Spec A \ pdS = 0} 
and Spec(S , ~ 1 A) (given by p > 5 l_1 p), there exist (unique) p, p' E Spec A such that 
pnS , = p'nS' = 0, q = S^^^p, q' = S^p' and p ^ p'. This implies po ^ p because 
A is good, and we can assume that po C p - So let a E po \ p : then clearly a E qo 
and a ^ q . □ 

Lemma 1.1.14. Given a graded ring A and p E Spec A, consider the ideal ofZ 

7(p) := (ieZ\vi^Ai). 

Then A p is standard (respectively quasi-standard) if and only if I(p) = (1) (respec- 
tively I (p) 7^ (0), i.e. A^o^p)- 

Proof. If A p is standard (respectively quasi-standard), then there exist x E 
(^4p)d invertible with d = 1 (respectively d > 0). a; can be written in the form 
x = a/s with a, s e ^4 hom \ p an d deg(a) = deg(s) + d. Since deg(a), deg(s) E I(p), 
also d E I(p). 

Conversely, if I(p) = (d) with c? = 1 (respectively d > 0), then there exist 
elements ai E Ad t \ p (i = 1, . . . ,n) such that (c?i, . . . ,d n ) — (d). Therefore there 
exist mi, . . . , m n E Z such that d — X)"=i m Ai whence x :— 11™= l a T i ^ ^ s an 
invertible element of degree d, i.e. A p is standard (respectively quasi-standard). □ 
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Proposition 1.1.15. If A is a graded ring such that A p is good Vp £ Spec A, 
then A is good, too. The same statement holds with quasi-trivial or trivial in place 
of good. 

Proof. By 11.1.41 given p <E Spec A we have to prove that p = po, or, equiva- 
lently, that pA-^ = poA-p^. Since A^ is good, this is true if and only if (pA^)^ = 
(Po AyV Now 7 given a/s £ (p^A w ) (where a £ (po") d and s £ (A \ pS)d), 
by 11.1. 2| there exists t £ {A\p^)_d, whence a/s = (at)/(st) £ (pAp^) Q because 
at £ (pb")p = Po - 

If p 6 Spec A is such that A v is quasi-trivial, then A^o C p bv ll. 1.141 Therefore 
if A-p is quasi-trivial Vp £ Spec A, then A is quasi-trivial bv ll.1.71 

If A p is trivial Vp £ Spec A, let a £ A^ : Vp £ Spec A 3s £ A \ p = Aq \ p such 
that sa = 0, which implies that a = 0, whence A is trivial. □ 

On the other hand, if A p is quasi-standard (respectively standard) Vp € Spec A, 
then A need not be quasi-standard (respectively standard), too, as the following 
example shows. 

Example 1.1.16. There exists a graded ring A which is not quasi-standard, 
but such that A p is standard Vp £ Spec A. To see this, let B be a noetherian ring 
and M a S-module such that M q is a free -B q -module of rank one Vq £ Spec B and 
Vn > M® n is not a free B-module (this is equivalent to require that M~ is an 
invertible sheaf on Spec B whose equivalence class in Pic(Spec B) is not a torsion 
element). Setting M® n := Hom B (M®(- n ), B) for n < 0, it is then clear that 
A := ©dez M® d is a graded ring (with Aq = B) in a natural way. By construction 
each A ? is standard, but A is not quasi-standard: assume on the contrary that 
there is n > and a £ A ni b £ A- n such that ab = 1. Regarding b as a morphism 
b : M® n — > of S-modules, 6 is surjective (since b(a) — 1) and hence it is an 
isomorphism (because M® n and B are both projective B-modules of rank one), 
which contradicts the hypothesis on M. 

Lemma 1.1.17. Let A be a graded ring. 7/p £ Spec A is such that A v is quasi- 
standard (respectively standard), then there exists t £ A hom \ p such that At is also 
quasi-standard (respectively standard). If moreover A is good, then t can be taken 
in A \ p . 

Proof. If a/s £ {A p ) n (with s £ Ad\p, a £ Ad+ n and n > 0) is an invertible 
element, it is enough to prove that (At) n contains an invertible clement for some 
t £ A hom \ p. By hypothesis there exist s' £ A d > \ p, a' £ A d >- n and s" £ Ad" \ p 
such that aa's" = ss's". Then, setting t :— ss's" £ Ad+d'+d" \ p, as's" /t £ (A t ) n 
is an invertible element (its inverse is a'ss" /t). 

If moreover A is good, then fbv 11.1.4]) Vu £ A hom \ p there exists u' £ A hom \ p 
such that uu' £ Ao, and this implies that in the above argument we can assume 
d = d' = d" = 0, whence t £ A \-p . □ 

Definition 1.1.18. A is a local graded ring if A is a graded ring with a unique 
maximal homogeneous ideal. 

Proposition 1.1.19. Let ip : A—> B be a morphism of graded rings. 

(1) If A is quasi-standard (respectively standard), then B is quasi-standard 
(respectively standard), too. 
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(2) If A is local graded and ip is surjective (whence B is also local graded), 
then A is quasi- standard (respectively standard) if and only if B is quasi- 
standard (respectively standard). 

Proof. (1) Clear, since tp preserves degrees and <p(a) is invertible if a is 

invertible. 

(2) Just observe that, denoting by m and n the maximal homogeneous ideals 
of A and B,\/d £ Z we have = Ad if and only if = Bd- 

□ 

Proposition 1.1.20. For a graded ring A the following conditions are equiva- 
lent: 

(1) Aq is a noetherian ring and A is a finitely generated A^-algebra; 

(2) A is a noetherian ring; 

(3) A satisfies the ascending chain condition for homogeneous ideals, or, equiv- 
alent^, every homogeneous ideal of A is finitely generated. 

If the above conditions are satisfied and M is a finitely generated graded A-module, 
then Md is a finitely generated A^-module Vci £ Z. 

Proof. (A proof of 2 3 can also be found in |NOj \ First we show 

that 3 implies the last statement. Clearly M satisfies the ascending chain condition 
for graded A-submodules. Since moreover for every Ao-submodule N of Md we 
have (AN)d — N, it follows that Md is a noetherian (hence finitely generated) 
Ao-module. Notice that, in particular, Aq is a noetherian ring. 

The implication 1 => 2 follows from Hilbert's base theorem, whereas 2 => 
3 is obvious. So let's prove that 3 1. We have already proved that Ao 

is noetherian. Let A + and A_ be the ideals of A generated by A>o and A<o 
respectively: the hypothesis clearly implies that there exist a\,. . . ,a n £ ^4>o m 
and bi,...,b m £ ^4<° m such that A + — (ai, . . . , a n ) and A- = (pi,..., b m ). Let 
r, s £ Z be such that r > deg(aj) for i = 1, . . . ,n and s < deg(6.;) for i = 1, . . . ,m. 
Since each Ad is a finitely generated J 4o _m odule, there exist homogeneous elements 
ci, . . . , q which generate © s<rf<r Ad as an Ao-module. Then it is easy to see that 
a\, . . . ,a n ,b\, . . . ,b m ,c\, . . . ,ci generate A as an yLj-algebra. □ 

Proposition 1.1.21. Let A be a noetherian local graded ring. If A is good, 
then A is either quasi-standard or quasi-trivial. 

Proof. Assume on the contrary that A is good and neither quasi-standard nor 
quasi-trivial: then, denoting by m the maximal homogeneous ideal of A, A^o C m 
and 3p G Spec A such that A^q $2 p (by ll.l.7|l . As A is noetherian, we can also 
choose p in such a way that pq £ Spec A such that p C q and A^lq ^ q. Let 
B := A/p and n := m/p: clearly B is again a good noetherian local graded ring 
with maximal homogeneous ideal n ^ (0). Let ^ b £ no (notice that no 7^ (0) 
because n ^ (0) and B is a good domain): by the choice of p we have \fjja) D B^q, 
and this easily implies (since B is a finitely generated i?o _ algebra by ll.l.2U|l that 
there exists I £ N such that Bd C (b) for \d\ > I. Hence for \d\ > I we have 
Bd = no-Bd, so that Bd = (0) by Nakayama's lemma (Bd is a finitely generated Bq 
module again bv lLl^Q 1 )! . As B is a domain, this actually implies that B^ = (0), 
whence A^q C p, a contradiction. □ 
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Example 1.1.22. If A is a good noetherian graded ring, then it is not true 
in general that A is quasi-trivial or A p is quasi-standard Vp £ Spec A. Take for 
instance 

A = Z/6Z[x, y]/(2x, 2y, xy - 3) deg(:r) = - deg(y) = 1. 

It is easy to see that Aq = Z/6Z and Spec A = {(2), (x,y)} (so that A is good), but 
A(2) is standard and A^ x y ^ is trivial. 

Proposition 1.1.23. Let A be a good noetherian graded ring. Then 

QT(A) :— {p 6 Spec A \ A p quasi-trivial}, 

QS(A) := {p £ Spec A \ A p quasi-standard} 

are closed and open in Spec A and Spec A — QT(A) U QS(A). 

Proof. Notice first that the last statement follows from ll. 1.211 Then, since 
QT(A) = Spec A\QS(A) = V((A^ )) bv ll. 1.141 it is enough to prove that QT(A) is 
open. Now, if p S QT(A), then Va £ A^o there exist n £ N and t £ A\p C Aq such 
that ta n = 0. Since A is a finitely generated Ao-algebra bv ll. 1.2(11 this implies that 
there exists s £ A\p such that Va £ A^o 3n £ N with sa n = 0. Therefore, q £ D(s) 
and a £ A^ a imply a £ q, so that q £ QT(A). This proves that D(s) C QT(A), 
and so QT{A) is open. □ 

With a proof completely analogous to that of the not graded case (see |H1I 
prop. II.3.2]), one can prove the following result. 

Lemma 1.1.24. Let A be a graded ring and M a graded A-module. If there 
exist ai, . . . , a n € A hom such that (ai, . . . , a n ) — (1) and each M ai is a noetherian 
A ai -module, then M is a noetherian A-module. 

1.2. Modules versus graded modules 

If A is a graded ring, we will denote by Mod(A) the (abelian) category of 
graded A-modules (with morphisms preserving degrees) and by mod(A) its full 
subcategory of finitely generated graded A-modules. Mod(A) and mod(A) will 
denote instead the categories of A-modules and of finitely generated A-modulcs 
respectively. Notice that if A = Aq then Mod(A) can be identified with a full 
subcategory of Mod(A) (by regarding a module as concentrated in degree 0). 

Vn, m £ 7L the natural functors in) : Mod(A) — > Mod(A) (defined by M(n)d — 
Mn+d) are exact autoequivalences and (n) o (m) = (n + m) . 

Mod(A) has both enough projectives (Vn £ Z the free graded A-module A(n) 
is obviously projective) and enough injectives (this can be easily seen slightly adapt- 
ing the standard proof that Mod(A) has enough injectives). 

If M and N are (finitely generated) graded A-modules, so is M ®a N. As 
usual M ®a — ■ Mod(A) — > Mod(A) is right exact and Vn £ Z the functors (n) 
and A{n) <S>a — are isomorphic. 

We will write Hom^-M, N) instead of Hom Mod ^- ) (M, N), and we will denote 

by Hom J 4(M, N) the graded A-module defined by 



Hom A (M, N) d := Hom A (M, N(dj) = Hom A (M(-d), N) Vd £ Z. 
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Clearly Horrid (AT, N) — Hom^M, TV) and the functor Hom^( J 4(— n), — ) is iso- 
morphic to (n). The functors 

Uom A (-, -) : Mo~d(A)° x Mod(A) -» Mod(A ), 

Hom^-, -) : Mod(A)° x Mod(A) -> Mod(A) 

are left exact in both arguments. Notice that Houu (M, TV) = HoniMod(A)W^) 
(as A-modules) if M is finitely generated, and that Hom^M, N) £ mod(A) and 
Rom A (M, N) £ mod(A ) if M, N £ mod(A) and A is noetherian. 
A morphism of graded rings ip : A — * B induces functors 

B ® A - : Mod(A) -> Mod(B), Hom^(B, -) : Mod(A) -> Mod(B). 

If M e mod(A) then B ® A M £ mod(B) and Bom A (B,M) £ mod(B) if A 
is noetherian and ip is finite. As in the not graded case (see [EJ p. 693]) it is 
straightforward to prove the following result. 

Lemma 1.2.1. B (8^4 — and Homyi(i?, — ) are respectively left and right adjoint 
of the natural forgetful functor Mod(73) — > Mod(A). 

Now we are going to study the relation between Mod(v4) and Mod(v4o), where 
A is a graded ring. Clearly taking the degree component defines an exact functor 

-o : Mod(A) -► Mod(A ), 

which sends mod(A) into mod(Ao) if A is noetherian (bv ll.l.25|) . 

Proposition 1.2.2. The functors 

A ® Aq - : Mod(Ao) -> Mod(A), Bmn Ao {A, -) : Mod(A ) -> Mod(A) 

are respectively left and right adjoint of — q, and they are both right inverse of 
i.e. 

-o o A ®a - — -0 Hom Ao (A, -) ~ id. 
A(&a ~ sends mod(Ao) into mod(A), and the same is true for Hom^^vl,— ) if 
A is good and noetherian. 

PROOF. Taking into account that given M £ Mod(A) and N £ Mod(A ) C 
Mod(A ) 

Hom Ao (M , N) = Uom Ao (M, N) and Hom^, (N, M ) = Hom Af) (TV, M), 

bv 1 1 . 2 . II everything is clear except the last statement. 

If A is good and noetherian, then there exist ai, . . . , a n £ Aq such that each A ai 
is either quasi-standard or quasi-trivial and with (ai, . . . , a n ) = (1): taking into 
account that Spec A is quasi-compact because A is noetherian, this follows imme- 
diately from II .1 .231 II . 1 . 171 and 11.1.151 (just notice that if a £ A hom is such that A a 
is quasi-trivial, then a £ Aq). Bv ll.l.2H it is enough to prove that Hom A(l (A, N) ai 
is a finitely generated ^4 0i -module VTV £ mod(ylo) and Vi = l,...,n. Since 
Kom Ao (A, N) ai a E^. iAo)a .(A ai ,N ai ) (by |E1 prop. 2.10]) and since (A ) Qi = 
{A ai ) (hv ll.l.lT)) . this means that we can assume that A is either quasi-standard 
or quasi-trivial. If M :— Hom A() (A, N) for some N £ mod(Ao), Vd £ Z we have 
M d = Rom Ao (A- d , N) £ mod(A ) (because A- d £ mod(i ) bv ll.l.2()|) . whence 
it is enough to show that 3m > such that M is generated by 0_ TO <d< m Md as 
an yl-module. Now, if A is quasi-standard we can take m such that "there exists 
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s G Aim invertible (because then Vd G Z multiplication by s is bijective between 
Md and Md+2m), whereas if A is quasi-trivial we can take m such that Ad = (0) 
for |d| > m (such an m exists because A is a finitely generated ^4o - algebra by 

MM - □ 

Proposition 1.2.3. — o : Mod(v4) — > Mod(A ) is an equivalence of categories 
if and only if A-p is standard Vp G Spec A. 

If this is the case, then A(S>a — — Hom^ (yl, — ) and they are quasi-inverse of 
— o and exact. Moreover, the restrictions of these functors give an equivalence of 
categories between mod(A) and mod(Ao) if A is noetherian. 

Proof. Bv ll.2.2| it is clear that — o is an equivalence of categories if and only if 
A®a — is quasi-inverse of — o (and in this case A®a ~ — Horn^oO^, — ) and they 
are exact since — o is). Therefore — o is an equivalence if and only if VM G Mod(A) 
the natural morphism (in Mod(A)) a(M) : A ®a Mq M is an isomorphism, 
i.e. if and only if the morphism of Ao-modulcs 

a(M) d : A d ®a M -> M d 

is an isomorphism Vd G Z. First we notice that if — o is an equivalence, then A is 
good: Vd G Z we have (A(d)/(Ad)A(d))o = 0, whence (Ad) = A, which implies that 
Vd 7^ Ad Vp G Spec A, so that A is good bv II. 1.41 Therefore we can assume that A 
is good, and so (taking into account ll. 1.1 2(1 a(M)d is an isomorphism if and only if 

a(M p ) d : {A v ) d ® {A?)o (M p ) -» (M p ) d 

is an isomorphism Vp G Specv4. Now, if A v is standard, then clearly a(M v )d is an 
isomorphism, since if t G (^4 P )i is invertible, then multiplication by t d induces an 
isomorphism between (M p )o and (M v ) d (and between (^4 p )o and (A p )d). Conversely, 
if —o is an equivalence, then, in particular, the natural multiplication map 

a(A p (l))_i : (A p )_i ® (j4p)o (A p )! -> (A p ) Q 

is an isomorphism Vp G Spec A. So there exist a G (A p )i and b G (A p )_i such that 
ab ^ pA f (otherwise ima(A p (l))_i C pA p ), whence a is invertible. Therefore A v is 
standard Vp G Spec A. 

The last statement follows from the fact that if A is noetherian, then — q 
sends mod(A) into mod(^4 ) an d A <g)^ — and HomA (^4, — ) send mod(A ) into 
mod(A). □ 

1.3. Graded schemes 

If X is a topological space and T a sheaf of graded abelian groups on X, we 
will denote by T(U,J-) the graded abelian group of sections of T over an open 
subset U of X. Notice that if T d (d G Z) are sheaves of abelian groups on X, then 
the presheaf T := ® d ei-^ d IS n °t a sheaf in general. However, T is certainly a 
sheaf if every open subset of X is quasi-compact (which is true if and only if X is 
noetherian) . 

Definition 1.3.1. A graded ringed space X = (X,Ox) is a topological space 
X with a sheaf of graded rings Ox = ©rf e z(Cx)d on X. 

A morphism of graded ringed spaces / = (/, /*) : X — > Y is a continuous map 
/ : X — ► Y together with a morphism (of degree 0) /* : 0y — * f*Ox of sheaves of 
graded rings on F. 
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If X is a graded ringed space, we will denote by Mod(Ox), or simply by 
Mod(X), the (abelian) category of sheaves of graded 0x~modulcs on X. With 
a proof completely analogous to that of the not graded case, one can show that 
Mod(X) has enough injectives. 

Vn £ Z the natural twist functors (n) : Mod(Jf) — > M.od(X) (defined by 
T{n)d ■= F n +d) arc exact autoequivalences and (n) o (m) = (n + m). 

Definition 1.3.2. A sheaf of graded Ox^modules T is locally free if it is locally 
isomorphic to a sheaf of the form ® ie/ O x (ni) (where m e Z). #J (if finite and 
constant) is the rank of T. 

As in the case of graded modules over a graded ring, one can define the following 
functors (the first right exact and the other two left exact in both arguments): 

- ® x - ~ - ® 0x - : Mod(A) x Mod(A) -» Mod(X), 
Hom x (- -) :=Hom Mx) (-,-) :Mod(X)° xMod(X)^Mod(r(X,O x ) ), 

Bom x (-,-) :=0Homjc(-,-(d)) :M^d(X)° x Mod(X) -» Mod(r(X, O x )). 

dez 

One can consider moreover the functors 

Hom x {-, -) : Mod(A)° x Mod(X) -» Mod((O x ) ), 
Womjc(-,-) =0Womjc(-,-(d)) : Mod(X) xM^d(I)^Stod(I), 

where, for every open subset {/ of X, Hom x (—,—)(U) := Hom^— |(y, — \ v ) and 
Hom x (—,—)(U) := Honi[/(— \u, — \u). By definition we have Homx(-,-)o = 
Homx(— , — ) and Hom x (—, —)q = Hom x (— 7 — ), and clearly Vn € Z the functors 
(n), Ox(n) ®x — and Hom x (O x (~n),~) are isomorphic. If £ is a locally free 
graded sheaf of finite rank, we will write £ v for Hom x (£,O x ). More generally, if 
C is a complex of locally free graded sheaves of finite rank, (£*) v will denote the 
complex Hom x (C ,O x ) (which in position i has (£~*) v ). 

Given T e Mod(A) and i e N, the i th right derived functor of Hom x (f, -), 
Homx^, - ), TLom x {T ,—) and TLom x {T will be denoted by Ext^-(^ r , — ), 
Ext^-(JF, — ), £xt x (J 7 , — ) and £xt x (J 7 , — ), respectively. Notice that Ext^-(JF, — ) = 
©dez Ext^- {T, — (d)) and that Vn € Z there are natural isomorphisms 

Ext^(jr,-)( n ) -ExT x (^,-(n)) = Ext^(^(-n), -) 

(whence, in particular, also Ext^-(JF, — (n)) = Ext^-(JF(— n), — )). Analogous re- 
sults hold, of course, also for £xt x (J 7 , — ) and £ xt x {T, — ). It is also clear that 

(O x (n), -) = if i > 0. Moreover, if £ is a locally free graded sheaf of finite 
rank, Vi G N there are natural isomorphisms 

Ext^(.F <g> £, -) = Ext^(.F, - <g> £ v ), 

~£x~t x {T ® C, -) = £x? x {f, - <8> £ v ) = ~£x~? x {T, -) ® £ v . 

H l (X, — ) (i g N) will denote the « th right derived functor of the degree zero 
global section functor f(A, -) : Mod(X) -» Mod(r(A, O x ) ). Since clearly 
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Hom.x(Ox (— n), — ) = T(X,—) n , there are natural isomorphisms H l (X 1 —{n)) = 
Ext x (Ox(-n), -) Vn € Z. Wc define more generally Mi e Z 

/P(X, -) := i?T(A, -) : D+(M^d(X)) - Mod(r(X, O x ) ). 

As usual, a morphism / : X — > Y of graded ringed spaces induces a left exact functor 
/* : M^d(A) -» M^d(F) and a right exact functor /* : Mod(Y) -» Mod(X), 
which is left adjoint of /*. 

Definition 1.3.3. A locally graded ringed space is a graded ringed space X 
such that Vi€l" the stalk Ox,x is a local graded ring. 

A morphism of locally graded ringed spaces / : X — > Y is a morphism of graded 
ringed spaces such that Vie I the induced map on stalks ff : Oyj( x ) — * Ox,i is 
a local graded homomorphism of local graded rings. 

Given a noetherian graded ring A one can consider the graded ringed space X 
such that X = Spec A as a topological space and with structure sheaf Ox that we 
are going to define. In general, for every graded A-module M one can consider the 
graded sheaf M~ A (usually denoted simply by M~) such that if U C A is open, 
M~{U) is the set of functions s : U — > U pe ;yM p satisfying the following conditions 
Vp G C/: 

(1) s(p) e M p ; 

(2) there exist V QU neighbourhood of p and a e A hom , m e M such that 
Vq G V, a ^ q and s(q) = m/a in M q . 

Notice that since A is noetherian, U is quasi-compact, and this implies that 
M~(U) = (B deZ M~(U) d , where M~(U) d is the subset of M~(U) consisting of 
those sections which are locally of the form m/a with m € M d+dcg ( a y 

Then Ox '■= A~ is a sheaf of graded rings, so that A is a graded ringed space, 
and M~ is a sheaf of graded Ox-modules for every graded A-module M. Clearly 
A(n)~^O x (n) Vn e Z. 

As in the not graded case, it is not difficult to prove the following facts. 

(1) Vp G A the stalk Ox,p is isomorphic to A p , whence A is a locally graded 
ringed space; more generally, (M~) p = M p if M is a graded A-modulc. 

(2) Denoting (for a G A hom ) by D(a) the open subset A \ V((a)) of A, 
(D(o),Ox|r»(o)) is isomorphic (as locally graded ringed space) to SpccAa, 
and under this identification (M^ A )| D ( a ) = (M a )~ A ^. 

(3) A morphism (p : A — > B of noetherian graded rings induces a morphism 
/ : Spec B — > Spec A of locally graded ringed spaces. 

Definition 1.3.4. An affine graded scheme is a locally graded ringed space 
which is isomorphic to Spec A for some noetherian graded ring A. 

A graded scheme is a locally graded ringed space A which is noetherian as a 
topological space and in which every point has an open neighbourhood U such that 
(U, Ox\u) is an affine graded scheme. 

A morphism of graded schemes is just a morphism of locally graded ringed 
spaces. 

Remark 1.3.5. Of course the category Sch of graded schemes includes as a 
full subcategory the category of noetherian schemes (whose structure sheaves are 
considered concentrated in degree 0). 
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Remark 1.3.6. If X is a graded scheme, one can also define in the obvious way 
the category Schx of graded schemes over X. If A is a noetherian graded ring, 
S^SpecA wm b e usually denoted by Sch^. 

Much of the theory of (noetherian) schemes extends naturally (with some ob- 
vious modifications) to graded schemes. Here we just give the definitions and state 
the results that we will need. Unless otherwise stated, the proofs are completely 
analogous to those in the not graded case. 

Definition 1.3.7. Let X be a graded scheme. A sheaf of graded Ox^modulcs 
T is quasi- coherent (respectively coherent) if for some (and hence any) open cover 
of X by affine graded schemes Ui = Spec A 1 , there exist graded A 1 -modules (re- 
spectively finitely generated graded ^-modules) M l such that T\ui — (M*)~. 

If A" is a graded scheme, Qcoh(A) (respectively Coh(A)) will be the full 
subcategory of Mod(A) whose objects are quasi-coherent (respectively coherent) 
graded sheaves. As usual, kernels, cokernels, images and extensions of quasi- 
coherent (respectively coherent) graded sheaves are also quasi-coherent (respec- 
tively coherent), so that Qcoh(A) and Coh(A) are abelian categories. Qcoh(A) 
has enough injectives. 

The restrictions of the twist functors, of — ®x — and of Womx(-,-) to 
Qcoh(A) (respectively Coh(A)) have image contained in Qcoh(A") (respectively 
Coh(A)). 

If / : X — > Y is a morphism of graded schemes, then /*(Qcoh(Y)) C Qcoh(A), 
/*(Coh(y)) C Coh(A) and /„(Qcoh(A)) C Q^oh(y) (but, of course, it is false 
in general that /»(Coh(A)) C Coh(F)). 

Remark 1.3.8. A locally free graded sheaf is quasi-coherent, and also coherent 
if it is of finite rank. In the latter case it will be often called vector bundle. 

It is easy to prove that a sheaf of graded 0x~modulcs T is quasi-coherent 
(respectively coherent) if and only if it is locally isomorphic to the cokernel of a 
morphism of (locally) free sheaves (respectively of vector bundles). 

Remark 1.3.9. A sheaf of graded Ox _m odules T is locally free if and only if 
Vie I the stalk T x is a free graded Ox.x-modulc. 

Proposition 1.3.10. The contravariant functor Spec induces an antiequiva- 
lence between the category of noetherian graded rings and the category of affine 
graded schemes. Its quasi-inverse is defined on objects by X i— » T(X, Ox)- More- 
over, if X is a graded scheme and A is a noetherian graded ring, the natural map 

Hom^^Sp^A) Hom^(A,r(A,0 x )) 

f^f#(S^A) 

(where Ring denotes the category of graded rings) is bijective. 

Proposition 1.3.11. If A is a noetherian graded ring, the associated graded 
sheaf functor ~ A : Mod(A) — > Mod(Spccj4) is exact and its right adjoint is the 
global sections functor r(Spec A, — ) : Mod(Spcc A) — > Mod(A). These two func- 
tors induce quasi-inverse equivalences of categories between Mod(A) (respectively 
mod(A)) and Qcoh(Spcc A) (respectively Coh(Spec A) ). 
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Proposition 1.3.12. Let tp : A —* B be a morphism of noetherian graded 
rings and let f : Y := SpecB —> X := Spec A be the induced morphism of graded 
schemes. 

(1) IfM, N G Mod(A), tten (M 0a iV)~ = M~ <g> x . 

(2) J/M G Mod(A) and N G Mod(B), then f*(M^ A ) S (M ®a £)~ b and 
/* (iV~ B ) = iV^ 4 . 

Lemma 1.3.13. Let X te a graded scheme, f G T(X,Ox)d (d G Z) and let Xj 
be the open subset of X defined by Xf := {i £ 1 1 / x ^ m x } (where m x C Ox,x is 
the maximal homogeneous ideal). Then G Qcoh(X) we have: 

(1) Vs G r(X, J 7 ) smc/i that s\ Xf = 0, 3n > such that f n s = 0; 

(2) Vt G r(Jf /5 J 7 ) 3n > and 3s G f(X, J 7 ) sttcA i/iai s\ Xf = f n t. 

Proof. The proof is similar (but easier, since the graduation is already in the 
structure sheaf, and there is no need of an extra line bundle) to that of |H11 II, 
lemma 5. 14]. 2 □ 

Lemma 1.3.14. Let X be a graded scheme andT G Mod(X) an infective object. 
Then J is flasque (i.e., the restriction map T(U,I) — > T(V,X) is surjective ifVCU 
are open subsets of X). 

Definition 1.3.15. A morphism / : X — > Y of graded schemes is afpne if for 
some (and then for any) open affine cover {Ui \ i G /} of Y, / _1 (C/i) is affinc Vz G /. 
/ is finite if moreover the induced maps of graded rings Oy{Ui) — > Ox(/ _1 (t^)) 
are finite. / is a closed immersion if, as a map of topological spaces, it gives a 
homeomorphism between X and a closed subset of Y, and if is surjective. 

Given a graded scheme Y and a quasi-coherent sheaf of graded Oy -algebras 
A, there exist unique (up to isomorphism) a graded scheme X and a morphism / : 
X — > y such that / -1 (£7) = Spec„4(J7) and is the morphism corresponding 
to the natural map Oy(J7) — > -4(l0 for every open affine subset U of Y, and such 
that the inclusion morphism / _1 (Y) / _1 ([/) corresponds to the restriction map 
^4({/) — > .A (TO if y C [/ are open affine subsets of Y. The graded scheme X will 
be denoted by Spec A. 

Proposition 1.3.16. (1) If A is a quasi-coherent (respectively coherent) 

sheaf of graded Oy -algebras, then the natural morphism of graded schemes 
f : X := Spec A —* Y is affine (respectively finite) and A = f*Ox- Con- 
versely, if f : X — > Y is an affine ( respectively finite ) morphism of graded 
schemes, then A := f*Ox is a quasi- coherent (respectively coherent) sheaf 
of graded Oy -algebras and X = Spec A. 
(2) Let f : X — > Y be an affine morphism of graded schemes and let A := 
UOx- Then 

/» : Qcoh(X) -> Qcoh(Y) n Mod(A) 

is an eiaci equivalence of abelian categories. If moreover f is finite, then 
/* restricts to an equivalence /* : Coh(X) — > Coh(Y) n Mod(A). 



Actually this result can be viewed as a generalization of the cited lemma, which just deals 
with the particular case of standard graded schemes fsee ll.4.91 . 
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Lemma 1.3.17. Let X be a graded scheme and let 4> : Q — > T be a surjective 
morphism in Qcoh(X) with J- G Coh(X). Then there exists a morphism ip :TL — > 
Q in Qcoh(X) such that TL G Coh(X) and <fi o ip is surjective. 

Lemma 1.3.18. Let X be a graded scheme and let T, Q G Coh(X). Then 
S^xiF'G) G Coh(X) V* G N. 

1.4. Good graded schemes 

Definition 1.4.1. Let X be a graded scheme. A point x G X is called good or 
quasi-standard or standard or quasi-trivial or trivial if the noetherian local graded 
ring Ox, x has the same property. 

X is called good or quasi-standard or standard or quasi-trivial or trivial if 
every point of X has the same property. 

Remark 1.4.2. It follows from ll. l.Hfl II. 1.151 and 11.1. 171 that a graded scheme 
X has one of the properties of II .4.11 if and only if Vrr. G X there is an open neigh- 
bourhood U of x which is isomorphic to Spec A for some noetherian graded ring A 
with the same property. Moreover, if X is good or quasi-trivial or trivial, and if U 
is any open subset of X such that U = Spec A for some noetherian graded ring A, 
then A has the same property. 

From now on we will consider only good graded schemes. 

Remark 1.4.3. Since a trivial graded scheme is just a noetherian scheme, we 
see that (usual) noetherian schemes are good graded schemes. 

Proposition 1.4.4. If X is a good graded scheme, then X :— (X,(Ox)o) is 
a noetherian scheme. If f : X — > Y is a morphism of good graded schemes, then 
fa := (/, /g ) : Xo — » Yq is a morphism of noetherian schemes. 

Proof. If U C X is an open subset such that U = Spec A for some good 
noetherian graded ring A, then Uo = Spec Ao: this follows immediately from ll. 1.121 
The last statement is obvious. □ 

Remark 1.4.5. If A is a good noetherian graded ring, then (SpecA) = 
Spec Ao. 

Proposition 1.4.6. Let f : X — > Y be a morphism of graded schemes. 

(1) If x G X is such that f(x) is quasi-standard (respectively standard), then 
x is also quasi-standard (respectively standard). In particular, if Y is 
quasi-standard or standard, then so is X . 

(2) If f is a closed immersion, then x G X is quasi-standard (respectively 
standard) if and only if f(x) is quasi-standard (respectively standard). 

PROOF. It follows immediately from ll. l.rSl □ 

Proposition 1.4.7. Let X be a good graded scheme. Then 

QT(X) := {x G X | x quasi-trivial}, QS{X) := {x G X \ x quasi-standard} 

are closed and open in X and X = QT{X) U QS(X). In particular, a connected 
good graded scheme is either quasi-standard or quasi-trivial. 

Proof. It follows immediately from ll. 1.231 taking into account 11.4.21 □ 
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Remark 1.4.8. We have already noticed that a trivial graded scheme is just 
a usual noetherian scheme, and it is very easy to see that a graded scheme X is 
quasi-trivial if and only if X is a noetherian scheme and (Ox)d — for \d\ >> 0. 

Also standard graded schemes are easy to characterize, as the following result 
shows. 

Proposition 1.4.9. If X is a noetherian scheme and L an invertible sheaf 
on X, then (X, deZ £® d ) is a standard graded scheme, which will be denoted by 

Conversely, if Z is a standard graded scheme, then there is an invertible sheaf 
C on Z such that Z 9* Z (C). 

If X{C) and Y(M) are standard graded schemes, then to give a morphism of 
graded schemes from X(C) to Y(M) is equivalent to giving a morphism of schemes 
f : X — > Y together with an isomorphism (p : f*A4 ^> £ of invertible sheaves on 
X. 

Proof. If A" is a noetherian scheme and C is an invertible sheaf on X, then 
Vi€l there is an affine open neighbourhood U = Spec A of x where C is trivial. 
Then X{C)\u Spec .4 [i, i" 1 ] (with deg(t) = 1), whence X(C) is standard. 

Conversely, if Z is standard, then C := (Oz)i is an invertible sheaf on Zq 
and the natural morphism (Oz)-i — * C®^ 1 = Homz (£,Oz ) is an isomorphism 
(because it is an isomorphism on each stalk). It follows that there is a natural 
morphism of sheaves of graded rings © deZ £® d — > Oz, which is an isomorphism 
(again, because it is an isomorphism on each stalk), so that Z = Zo{C) as graded 
schemes. 

If g : X{C) — ► Y(A4) is a morphism of standard graded schemes, then / := 
($S ffif) '■ X ^ Y is a, morphism of schemes and the morphism of Oy-modules gf : 
A4 — ► /*£ corresponds by adjunction to a morphism <p : f*A4 — > C of Ox^ruodulcs, 
which is easily seen to be an isomorphism. Conversely, given / : X — > Y and an 
isomorphism tp : f* M. — > C, we can naturally extend ip to an isomorphism (p : 
® d& f*( Mm ) - f*i®d& Mm ) ^ ®dez C ® d of shcavcs of graded rings on X, 
which, by adjunction, corresponds to a morphism a : ©d e z-^ 8d — * f*®dez^ d 
of sheaves of graded rings on Y, thus yielding a morphism of graded schemes g = 
(f,a):X(£j^Y(Mj. a 

In the following we will be mainly interested in quasi-standard graded schemes. 
Even when we have an ordinary noetherian scheme, we will often regard it as a 
standard graded scheme by choosing a line bundle on it (in the problems we are 
going to consider, there will be a natural way of making such a choice). 

For the rest of this section X will be a good graded scheme: we are going 
to study the relation between graded sheaves on X and sheaves on Xq. We will 
denote by Mod(Xo) the category of sheaves of 0x o -m °dules and by Qcoh(Xo) (re- 
spectively Coh(X )) its full subcategory of quasi-coherent (respectively coherent) 
sheaves. 

Sending a graded sheaf of Ox-modules T to defines an exact functor 

-o : Mod(X) -» Mod(Xo). 

In analogy with the case of graded modules over a graded ring, we can prove the 
following result. 
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Proposition 1.4.10. The functors 

Ox ®o Xa - ■ Mod(X ) Mod(X), Hb~^ Xo (O x , -) ■ Mod(X Q ) -> Mod(X) 

are respectively left and right adjoint of — q, and they are both right inverses of 

Moreover, —q sends Qcoh(X) (respectively Coh(X)) into Qcoh(Xo) (respec- 
tively Coh(X )). Ox ^Oxq ~ an d 7~L°' m Xtt{Ox,—) send Qcoh(Jf ) (respectively 
Coh(Xo),) into Qcoh(X) (respectively Goh.(X)). 

PROOF. It follows easily from ll.2.21 □ 

Remark 1.4.11. Bv lA.l.Bl the above result implies that Mod(Xo) is equivalent 
to Mod(X)/C, where C is the full subcategory of Mod(X) whose objects are the 
graded sheaves T such that = 0. Notice that C is both left and right localizing. 
The same result holds, of course, also for quasi-coherent and coherent sheaves. 

Corollary 1.4.12. Ox®o Xq ~ and Homx {Ox,—) identify Mod(X ) (re- 
spectively Qcoh(Xo), respectively Coh(Xo) / ) with an additive (but not abelian in 
general) subcategory o/Mod(X) (respectively Qcoh(X), respectively C6h(X)). 

Corollary 1.4.13. — : Mod(X) — > Mod(Jf ) is essentially surjective. The 
same is true for its restriction to quasi-coherent and coherent sheaves. 

Proposition 1.4.14. — : Mod(A") — > M.od(X Q ) is an equivalence of cate- 
gories if and only if X is standard. 

If this is the case, then the restriction of — o also gives an equivalence between 
Qcoh(X) (respectively Coh(X)) and Qcoh(Xo) (respectively Coh(Xo)J. More- 
over, Ox ®o Xq — and Homx (Ox, —) are isomorphic, exact and quasi-inverse of 
~o- 

PROOF. Bv ll.4.1L)l -n is an equivalence if and only if VT € M.od(X) the natural 
morphism of Ox _ modules T$ ®o X() Ox 3~ is an isomorphism. Then everything 
follows easily from II .2^51 □ 

PROPOSITION 1.4.15. NT % e D + (Mod(X)) and Vi € Z there is a natural 
isomorphism H Z (X, J 7 ') = H l (Xo, T'). 

PROOF. Let 1' e D + (Mod(X)) be an injective resolution of J 7 ', so that (by 
definition) 

H\X,T') Si g < (r(X,I') o)gg i (r(Xo,2g)). 
On the other hand, since each 2^ is flasque bv ll. 3.141 and since — o is an exact functor 
which sends flasque sheaves into flasque sheaves, I' is a flasque resolution of 
on Xo, which can be used to compute cohomology. Therefore H 1 (T(Xq,I')) = 
H l (X ,T ). □ 

1.5. Proj of a noetherian positively graded ring 

We will denote by PRing the full subcategory of the category of graded rings 
whose objects are noetherian positively graded rings (i.e., noetherian graded rings 
R such that Rd = for d < 0) . 

Remark 1.5.1. It follows from ll.l.20l that R G PRing is isomorphic to a quo- 
tient of a polynomial ring Rq[xq, . . . , x n ], where deg(xi) > and Ro is a noetherian 
ring. 
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If A is a noetherian ring and w = (wo, . . . ,w„) € N™ + , the noetherian posi- 
tively graded ring A[xq, . . . ,x n ] where deg(xi) = Wi will be denoted by Pa(w) (or 
simply by P(w) if there can be no doubt about A). 

Definition 1.5.2. Given i? e PRing, Proji? is the open graded subscheme 
Spec R\V(R+) of Spec R. 

Remark 1.5.3. Since Proj R = \J reR han, D(r) and (if r is not nilpotent) D(r) = 

Speci? r , we see that Proji? is a quasi-standard graded scheme (actually it is just 
the open graded subscheme of Speci? consisting of quasi-standard points). It is 
also clear that (Proji?) = Proji? and OpTSjfi = ®dez Proj n{d). 

Example 1.5.4. If i? = Pa(w) for some noetherian ring A and some w = 
(w , . . . , w„) € N" +1 , Proji? will be denoted by ¥ A (w) and Proj i? by P^ (w) (again, 
we will simply write P(w) and P(w) if A is clear from the context). It will be 
called (graded) weighted projective space (over ^4) of weights w. Of course, if 
w = (1, . . . , 1), it will be denoted by P™ or P". 

Remark 1.5.5. Clearly Proji? is a standard graded scheme if i? is generated 
by i?i as an i?o-algebra. The converse is false in general (examples are given by 
the canonical rings of surfaces of general type, see I3.1.l|l . but it is true if i? is of 
the form P(w), as the following result shows. 

Proposition 1.5.6. Let A be a noetherian ring and w = (w , . . . , w„) g N™ +1 . 
Then p € Pa(w) is standard if and only if gcd(wj | Xi ^ p) = 1. In particular, 
P^(w) is standard if and only if w — (1, . . . , 1). 

Proof. Bv ll. 1.141 it is enough to prove that i(p) = (w^ | xi ^ p). Obviously 
W; G i(p) if Xi ^ p. Conversely, if d > is such that pd ^ Py^w)^, then there exists 
a monomial x™° • • • x™ n € Pa(w)j \ p. It follows that d — X)"=o m i w i G ^(p)j since 
Xi p if rrii > 0. 

The last statement follows at once, taking into account that Vi = 0, . . . , n there 
exists p € Pa(w) such that (xq, . . . , Xi, . . . , x n ) C p. □ 

Remark 1.5.7. The above result says that the (open) subset of standard points 
in a weighted projective space coincides with the regular locus which was first 
considered in jM : it is the locus where "everything behaves well" (see also |BR| ). 
and it is contained in the smooth locus (in general strictly e.g. it is empty if 
gcd(w , . . . ,w„) ^ 1). 

Proposition 1.5.8. Let A be a noetherian ring, let X 6 Sch^ and, for i — 
0,...,n, let Si € T(X,Ox)wi f or some w = (wo,...,w„) S N™ +1 . Then the 
induce a rational map f : X — • > Pa(w) in ScIia, defined on the open subset 

U := {x e X | ((s ) ) = o x . A c x, 

such that f*(xi) — Sj|(j for i = 0, ...,n. In particular, f is a morphism (i.e. 
U = X) if and only if {sq, . . . , s n } generate Ox (and conversely, of course, given 
a morphism g : X — > P^(w) in Sch^, the sections {g*(xo), ■ ■ ■ , g*(x n )} generate 
Ox). 

Proof. The Si clearly determine a morphism of graded A-algebras (p : P(w) = 
Pa(w) — > T(X,Ox) (defined by <p(Xi) :— Sj), which fbv ll.3.l0|l corresponds to a 
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morphism /' : X — > SpecP(w) in Sch^. Since /', as a map of topological spaces, is 
denned by f'{x) := {a £ P(w) | tp(a) x £ m x }, it is easy to see that / ,_1 (P(w)) = U, 
and then everything follows. □ 

Remark 1.5.9. U is quasi-standard (even standard if w = (1, . . . , 1)) bv ll.4.(j| 
and in this case the sections s l also determine a rational map fo : Xq --■> P^(w) 
(over A), defined on Uq. Notice that if X is standard (say, by II. 4. 91 X = Y(C) for 
some noetherian scheme Y and some invertible sheaf £ on 7), then s, £ T(Y, C Wi ). 
Therefore 11.5.81 implies in particular the well known result that to give a morphism 
of (noetherian) schemes over A from Y to P^ is equivalent to giving an invertible 
sheaf on Y and n + 1 global sections which generate it. 

If R £ PRing and M £ Mod(i?), by abuse of notation we will denote 
■^~ fl lp7oj r a S am by M~ R (or simply by M~, if there is no doubt about the ring). 
Also, if T £ Mod(Proj R), we will usually write T{F) instead of r(Proj R, T). 

A morphism ip : R — > S in PRing induces a rational map of graded schemes 
/ : Proj S —* Proji?, defined on the open subset U := {p £ Proj S \ ip(R+) p} 
of Proj S (/ is just the restriction of the induced morphism /' : SpccS" — > Speci?). 
Notice that / is affine, since /' is. Observe also that / is a morphism (i.e. U = 
Proj S) if and only if yj (ip(R + )) D S+. The following result is an immediate 
consequence of 11.3.121 

Proposition 1.5.10. Let ip : R — > S be a morphism in PRing and let f : U C 
Proj S — > X := Proj R be the induced morphism of graded schemes. 

(1) IfM, N £ Mod(R), then (M ® R 7V)~ S M~ ® x N~ . 

(2) 7/M G Mod(i?) and N £ Mod(5), then = (M® K S') 7;;s | ;7 anrf 

Remark 1.5.11. The above result (except that f*(N~ s \u) S 7V~« still holds) 
is not true in general with Proj instead of Proj. 

Proposition 1.5.12. Let <p : R — > S be a morphism in PRing and let f : 
Proj S --■* Proji? be the induced rational map. Then the following conditions are 
equivalent: 

(1) ip : R — > S is finite; 

(2) f is a morphism and (fo : Rq — > So is finite. 

Lf these conditions are satisfied, then f : Proj S — * Proj R ( and also fo ■ Proj S — > 
Proj R) is finite. 

PROOF. 1 => 2: By hypothesis there exist si,...,s„ € .S 1110111 which 

generate S 1 as an i?-modulc. Now Vs € S^ 0111 we can choose m > such 
that mdeg(s) > deg(si) for i = 1, . . . , n. Then there exist r±, .. . ,r n £ 
RX om such that s m = Y^=i r i s ^ whence s £ y/(ip(R+)), which proves 
that / is a morphism. Moreover, the Si of degree generate So as an 
i?o -m odule. 

2 => 1: Since S is a finitely generated So-algebra and \J (ip(R + j) D S+, it 
is easy to see that there exists m > such that ((/?(i?+))> m = S> m . By 
11.1.201 and since cpo is finite, there exist si, . . . , s n £ S hom which generate 
©o<d<m 3d as an i?o~module, and then it is not difficult to prove that 
Si, . . . , s n generate S as an i?-module. 
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As for the last statement, it is enough to observe that Vr G i?,^ 0111 non nilpotent 

f\f-HD(r)) ■ r\D{r)) = D(tp(r)) S S^ES v{r) D(r) S Sp^i? r 

is the morphism of affine graded schemes induced by the finite morphism of graded 
rings (p r : R r -> S^). □ 

For the rest of this section R will be a noetherian positively graded ring, Proj R 
will be denoted by X and i?o by A. We are going to see that a generalized version 
of Serre's correspondence holds between (finitely generated) graded i?-modules and 
(quasi)coherent sheaves on X (see also jBj and |AKO| ). 

Proposition 1.5.13. (1) r(-) : Mod(X) -> Mod(i?) is right adjoint of 

the exact functor ~ : Mod(R) -> Mod(X). 

(2) If M G Mod(i?) (respectively mod(R)), then M~ is quasi-coherent (re- 
spectively coherent). 

(3) If T G Qcoh(A), then the natural map T(J r )~ — > J- is an isomorphism. 

PROOF. As for 1, denoting by j : X <— > Speci? := Y the inclusion, VM G 
Mod(i?) and V7 7 G Mod(A) there are natural isomorphisms 

Kom R (M,T(F)) = Rom R (M,T(Y,j^)) S Hom y (M~, = Hom x (A/~, J 7 ) 

(using the fact that T(Y, — ) is right adjoint of ~ and j* is left adjoint of j*). 2 is 
clear, since the same is true for M~ on Y, and the proof of 3 is similar to that of 
[HT1 II, prop. 5.15] (using EH instead of [HE H, lemma 5.14]). □ 

If T G Coh(A), it is not true in general that T(J-) G mod(i?) (it can happen 
that T(J 7 )d 7^ Vd G Z, for instance if is supported at a point), but, as we are 
going to see, the truncations T(^F) > d are finitely generated. 

Lemma 1.5.14. Given w G Zei P(w) = P^(w) and P(w) = P A (w). 

(1) TTie natural map P(w) — * r(Of( w )) is an isomorphism in Mod(P(w)); m 
particular, H°(F(w), Op (w) (to)) S P(w) m Vto G Z. 

(2) ^(P^Op^m)) = for < i < n and Vto G Z. 

(3) /P»(P(w),0p (w) (m)) = P(w)_ m _ E n =QWi . 

PROOF. Since iT(P(w),C> f(w) (m)) = iP(P(w), O p(w) (to)) bv 11.4.151 one can 
just consider ordinary weighted projective spaces, and then the result is proved, for 
instance, in jDJ thm. 3.1]. □ 

Using IT. 5. 141 one can then prove the following result, with a proof similar to 
those of HI II, prop. 5.17 and III, thm. 5.2]. 

Proposition 1.5.15. Every T G Coh(X) satisfies the following properties: 

(1) J- is generated by a finite number of homogeneous global sections; 

(2) H i (X,J r ) is a finitely generated A-module Vi G N; 

(3) 3too G Z such that H l (X, T{m)) = for m > mo and Vi > 0. 

Corollary 1.5.16. If F & Coh(X), then r(.F)> d G mod(i?) Vd e Z. 

Proof. R = P(w)/7 for some n G N, some w G N™ +1 and some ideal I C 
P(w) := P A (w), and fbv ll.5.l21) the projection R — > P(w) induces a finite morphism 
f : X —> P(w) (which is actually a closed immersion), whence /^J 7 G Coh(P(w)). 
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Moreover, since T(X, J 7 ) = r(P(w), and since an i?-module is finitely gen- 
erated if and only if it is finitely generated as a P(w)-module, we can assume 
R = P(w) andX^P(w). 

By part 1 of ll.5.15l there is an exact sequence of the form 

with £ = ©J = i ^p( w )( — m j) f° r some r E N and some mj E Z. Since 1Z is also 
coherent, by part 3 of ll.5.15l 3mn E 1 such that H 1 (F(w),TZ(m)) — for m > m , 
so that the map H°(V(w),£(m)) — > H°(¥(w),J-(m)) is surjective. From this and 
from part 1 of II .5. 14l it follows that M := T(!F) is generated by M<;, where / > rrij 
for j = . . . , r. Now, Vd E Z take d' € Z such that d' > Z and 61 > d + Wj for 
j = . . . , n. Then it is clear that M >t i is generated by @d<j<d' ^K?> nence is finitely 
generated (because every Mj E mod(A) by part 2 of ll.5.15|l . □ 

We include here also a result which will be needed later, and whose proof is 
completely similar to that of [HI. Ill, prop. 6.9]. 

Lemma 1.5.17. V.F, Q E Coh(X) and^i E N there exists m £ Z such that 

Ert^{F,g(d)) = H°(X,£xT x (F,g(d))) Vd > m. 

We are now ready to prove the generalized version of Serre's correspondence; see 
IA.1I for the notion of localizing subcategory and of quotient of an abelian category 
by a localizing subcategory. 

PROPOSITION 1.5.18. Let Z(R) (respectively z(R)) be the full right localiz- 
ing subcategory of Mod(i?) (respectively mod(R)) whose objects are the mod- 
ules M such that M~ = 0, and let T : Mod(i?) -> Mod(R)/Z(R) (respec- 
tively T 1 : mod(ii) — > mod(R)/z(R)) be the natural functor. Then the func- 
tor ~ : Mod(i?) — > Mod(X) induces an exact equivalence of categories F : 
Mod(R)/Z(R) -> Qcoh(X) (respectively F' : mod(i?)/z(i?) -> Coh(X)), whose 
quasi-inverse is the functor T o r(— ) (respectively T' o r(— )>o )■ 

Proof. The statement about Mod(i?) and Qcoh(X) is an immediate conse- 
quence of IA.1.6l and ll. 5.131 The other statement follows from ll.5.161 if one observes 
that (by definition of quotient category) mod(i?)/z(i?) can be identified with a full 
subcategory of Mod(i?)/Z(i?) and that VM E Mod(i?) the inclusion M >0 ^ M 
is an isomorphism in Mod(i?)/Z(i?). □ 

Remark 1.5.19. It is not difficult to prove (using the fact that R is a noetherian 
ring) that VAf, N E Mod(R) 

Hom MSd(i?)/z(i?.)( M ' N ) - H^StodfiJ)^'^). 

where I(M) := {Af C M \ M/M' E Z(R)}. It follows (since if L € mod(i?), 
L E z(R) if and only if L d = for d » 0) that if M E mod(R) then 

Hom M^d(fl)/Z(i?)( M - N ) ~ l ^ Rom M^d(R)( M >n, N). 

Therefore, in the particular case X = P" (and more generally when X is standard) , 
considering the equivalence (given bv ll.4.lljl between Coh(X) and Coh(Xo), we 
obtain the usual description of Coh(Xo), as proved in [§]. 
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Now we will give also a graded version of Serre duality. Still denoting Proj R 
by X (and Proj R by -X"o), we assume now that Rq is a field K and that dimXo = n. 
We recall that on Xq there exists unique (up to isomorphism) a dualizing sheaf cu Xo 
(see [EH HI, prop.7.5]). 

Definition 1.5.20. A dualizing sheaf on X is a coherent graded sheaf uj x 
together with a map t : H n (X,u>x) — > K such that V^ 7 G Coh(X) the bilinear map 

Romx(F,ux) x ff n (X,.F) -► H n {X,uj x ) ±> K 

is a perfect pairing of K-vector spaces (i.e., the induced map Homx^iiJx) — > 
H n (X, T) y is an isomorphism). 

Proposition 1.5.21. ^4 dualizing sheaf on X exists unique (up to isomor- 
phism), and it is given by lu x = TLom Xa {O x ,uj Xo ). If moreover Xq is Cohen- 
Macaulay and equidimensional and £xt Xo (0 Xo (m), ^Xo) — fori > and\/m G Z, 
then Vi > there are natural isomorphisms F,xi x (J-,Lu x ) = H n ~ l (X, J-) y . 

Proof. Uniqueness follows as usual from the uniqueness of an object repre- 
senting a functor. Since, given T G Coh(X), we have H n {X,T) = H n (X , T Q ) 
by II. 4.151 and Homx(f,wx) = Hornxo^o^Xo) by 11.4.11)1 it is clear that lux is a 
dualizing sheaf. 

As for the last statement, remember that (by |H1I III, thm. 7.6]) Xo is Cohen- 
Macaulay and equidimensional if and only if \/Q G Coh(Xo) there are natural 
isomorphisms Ext Xa (G, lj Xq ) = H n - l (X ,g) v . As before, if T G Coh(A) then 
H n ~ i (X,T) = H n - l (X n ,T ), so that it is enough to prove that Ext^J 7 , co x ) - 
Ext^- {Tq,uj Xq ). Let X* be an injective resolution of L0x a , and observe that then 
J' := Tiomx {O x is an injective resolution of iox (it is injective because 
Jiomxa {Qxt ~) preserves injective objects, as it is easy to check, and it is a resolu- 
tion bec ause £x t Xo (O x , lj Xq ) = ® meZ £xt Xa (0 Xo (-m),to Xo ) = for i > 0). Then, 
again bv ll. 4.101 we have 

Ext x (T,cu x ) £ W(Rom x (F,J')) S H l (Rom Xo (T ,Z')) = Ext Xo (T ,uj Xo ). 

□ 

1.6. Graded schemes and algebraic stacks 

We assume the reader is familiar with algebraic stacks (see e.g. |LM| ): here we 
just recall that, if a (smooth) algebraic group G acts on a scheme Z, the quotient 
stack [Z/G] is algebraic (the projection Z — > [Z/G] is a smooth presentation) and 
Coh([Z/G]) (respectively Qcoh([Z/G])) is equivalent to G-Coh(Z) (respectively 
G-Qcoh(Z)), the category of (quasi)coherent G-equivariant sheaves on Z. 

If R e PRing and R = K is a field, 11.5.181 and AKO prop. 2.3] im- 
ply that the category Coh(Proji?) (respectively Qcoh(Proj R)) is equivalent to 
Coh([(SpecR\ {R + })/G m }) (respectively Qcoh([(Speci? \ {R+})/G m })), where 
the action of G m := SpecK[x, x _1 ] is the natural one induced by the graduation of 
R (such that the quotient scheme is the usual Proj R) . We are going to see briefly 
how this result can be generalized; a more accurate study of the relation between 
graded schemes (considered in a more general sense, namely allowing the grading 
group to be different from Z) and algebraic stacks will appear in a future paper. 

Let X be a graded scheme, which we assume for simplicity of finite type over 
a field IK: we are going to define a scheme X together with an action of G m on it. 
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Assume first that X is affine, say X — Spec A for some graded finitely generated 
K-algebra A. To avoid confusion, we denote by A the ring obtained from A by 
forgetting the graduation (i.e., A = Aq = A). The graduation of A yields an action 
G m x Spec A = Spec A[x, — > Spec A of G m on X := Spec A (induced by the 
morphism of rings A — » A[x, defined by o ^ oa; dcs ( a ' for a e A hom ). It is then 
easy to see that for general X we can take an open cover of X by affine graded 
schemes Ui and glue the schemes U to a scheme X with an action po : G m xl^I: 
this is possible (and the result does not depend, up to isomorphism, on the chosen 
cover) because the above construction is compatible with localization, in the sense 
that, if a G A m (so that Spec A a can be identified with an open graded subscheme 
of Spec A) , then Spec A a can be identified with an open subscheme of Spec A and 
the action of G m on SpecA a is the restriction of the action on Spec A. It is also 
clear that, if X — Proj R, then X = Speci?\ V(R+) and po is the restriction of the 
action on Spec R. 

Proposition 1.6.1. There is an equivalence of categories between Coh(X) 
(respectively Qcoh(X)) and Coh([A/G m ]) (respectively Qcoh([X/G m ])j. 

Proof. We claim that po : G m x X — > X can be extended to an action 
p : G m x X — > X of G m on the standard graded scheme X := and that 

there is a morphism of graded schemes p : X — > X such that the diagram 

G m x X — ^— ► X 

v 

> X 

v 

(where 7r is the projection) is cartesian in ScIik (and also cocartesian, so that X is 
the quotient X/G m as graded scheme). If X = Spec A is affine, X = Spec A[t, t -1 ], 
G m x X = Spec t -1 , x, (with deg(t) = 1 and deg(a;) = 0) and 7r and p are 
induced by the morphisms of graded rings t, if : A[t, t^ 1 ] —> A[t, t , x. x^ 1 ] defined 
by ^at 1 ) := at 1 and ^(at) := at i x dcs( - a ^ z for a e A hom and i E Z. We take as p the 
morphism induced by the morphism of graded rings a : A defined by 

a i— » a£ dcg ( a ) for a € A hom . Indeed, it is straightforward to check that the diagram 
of graded rings 

A^t- 1 ^^- 1 } <— - — i[t,t _:L ] 
l[t,t- x ] A 

a 

is cocartesian (and also cartesian), and the general claim follows easily from this. 

Then, extending classical results of faithfully flat descent theory to the graded 
setting, the fact that p is faithfully flat (and even smooth) because the same is true 
for a (since as a graded A-module via a, is isomorphic to ® ie ^A(i)) 

implies that p* gives an equivalence of categories between Coh(X) (respectively 
Qcoh(X)) and G m -Coh(X) (respectively G m -Qcoh(X)). As X is standard, 
the natural generalization of 11.4.141 to the case of G m -equivariant sheaves al- 
lows to conclude that G m -Coh(A) (respectively G m -Qcoh(A)) is equivalent to 



TT 
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G m -Coh(X) (respectively G m -Qcoh(X)), hence to Coh([X/G m ]) (respectively 
Qcoh([l/G m ])). □ 

Remark 1.6.2. If X is quasi-standard (in particular, if X is of the form Proj R) 
then [X/G m ] is a Deligne-Mumford stack (and even a scheme if X is standard), at 
least if K is algebraically closed of characteristic 0. In fact, we can reduce to the 
case X — Spec A with A quasi-standard, say s e Ad is invertible for some d > 0. 
Denoting by fid '■= SpecK[x]/(x d — 1) = Z/dZ the subgroup of G m of d th roots of 
unit, the above described action of G m induces an action of [id on Spec(A/ (s — 1)) 
(which can be again extended to an action of \Xd on Spec(A/ (s — l)[t, t^ 1 })), and it 
can be proved that [Specj4/G m ] is isomorphic to [Spec(A/(s — 1))//^] (for which 
the projection Spec(^4/ (s— 1)) — > [Spec(v4/(s— 1))//Zd] is an etale presentation, and 
obviously an isomorphism if d = 1). Observe that the morphism of graded rings 
(induced by a) A — > A/(s — l)[t, t^ 1 } = A[t]/ (t d — s) is etale because s is invertible. 

In particular, in the case of weighted projective space P(w) one obtains a smooth 
Deligne-Mumford stack locally isomorphic to [A n /fi Wi ] (this is the point of view of 
[K] , where important results about bounded derived categories of coherent sheaves 
are extended from smooth varieties to smooth Deligne-Mumford stacks). 
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Beilinson's theorem on P(w) 

Throughout this chapter we will consider (graded) weighted projective spaces 
over a fixed field K. 1 Therefore, given n 6 N and w £ N" +1 , we will write P(w), P(w) 
and P(w) (or simply P, P and P if no confusion is possible) instead of Pk(w) = 
K[x ,...,x n ] (with deg^) = w s ), P K (w) = ProjP(w) and P K (w) = ProlP(w). 
Vto S 1 we set moreover p m = p m (w) := dimKP(w) m . w is called normalized 
if gcd(wo, . . . , Wi, . . . , w„) = 1 for i = 0, . . . , n. We recall that P(w) is always 
isomorphic to P(w') for some w' normalized (of course, this is not true for P(w)). 
If I C {0, . . . ,n}, we set |w/| := w «i l w {o....,n}| will be usually denoted by |w|. 
We will write I c for {0, . . . , n} \ I. 

We will extend to weighted projective spaces a classical theorem by Beilin- 
son (see |B1| ). which gives equivalences between D b (Coh(P™)) (the bounded de- 
rived category of coherent sheaves on P") and two homotopy categories of modules. 
More precisely, let P := P(l, . . . , 1) and let A = ® ieZ Aj be the graded (skew- 
commutative) ring defined by Ai := A^P^ ). Moreover, if A is a graded ring, we 
will denote by M[_„ ](^) the full subcategory of mod(i) whose objects are finite 
direct sums of graded A-modules of the form A(j) for — n < j < 0. Then the 
theorem can be stated in the following way. 

Beilinson's theorem. The natural additive functors M[_„ i0 ](P) — > Coh(P") 
and M[_ ni0 ](A) -> Coh(P") (defined on objects by P(j) i-> O(j) and A(j) h-> 
for —n < j <0) extend to exact functors between triangulated categories 

F P : X b (M h „ !0] (P)) D\Coh(P n )), F A : K b (M { _ nfi] (A)) - D b (Coh(P")) . 

_Fp and Fa are equivalences of categories. 

In particular, D b (Coh(P™)) is generated (as a triangulated category) by each 
of the following two sets of vector bundles: 

O := {O r n(j) | - n<j<0}, D:= \ < j < n}. 

This means that VT 7 ' E L> 6 (Coh(P n )) there exist bounded complexes X* = X % {T') 
and y = y{T') isomorphic to T' (in £) h (Coh(P™))) and with each X i (respec- 
tively y l ) isomorphic to a finite direct sum of sheaves of O (respectively D). X* 
and y* are also unique up to isomorphism in C b (Coh(P™)) if we require them to 
be minimal, and in this case their terms are given explicitly by 

0<j<n 
0<j<n 



Probably much of what follows is still true if K is replaced by an arbitrary noetherian ring. 
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As we said in the introduction, it turns out that, in order to get a good version 
of this theorem on weighted projective spaces, it is better to consider Coh(P(w)) 
instead of Coh(P(w)) (remember that, bv I1.4.1H and IT"5.6I these two categories 
are equivalent if and only if w = (1,...,1)). The reason of this is that working 
with graded sheaves on P one avoids all the pathologies of P (basically because 
the sheaves of the form Ow(j) are always invertible, whereas the Op(j) are not, in 
general) . 

In the weighted case the two sets of vector bundles defined above will be re- 
placed by the following two sets 

O := {O w (j) | - |w| < j < 0}, 

D := {0 ¥ (j) | n - |w| < j < 0} U | < j < n} 

(notice that they are the same as before in the particular case w = (1,...,1)), 
where fijL are defined as the graded sheaves associated to the P-modules obtained 
as syzygies of the Koszul complex K' of the regular sequence (xo, . . . , x n ). Then one 
can define similar functors to Fp and -Fa, which one must prove to be equivalences. 
As in the case of P™, fully faithfulness follows from the fact that Extp(_4, B) = 
for i > 0, WA, B G O and VA,B G D (here it is essential to use Coh(P(w)) instead 
of Coh(P(w))), whereas essential surjectivity corresponds to the fact that O and 
D generate D b (Coh(P)) as a triangulated category. Now, this last fact follows 
easily from Hilbert's syzygy theorem, but it must be said that Beilinson proved 
it using a resolution of the diagonal in P™ x P™, and we don't know if a similar 
resolution exists also in the weighted case. The drawback of this fact is that we 
cannot apply the technique used in |AOj to obtain the explicit form of the minimal 
resolutions. On the other hand, once one knows that they exist unique, they can 
be determined in another way (in the case of P™, this was already observed by 
Beilinson in S2]). For instance, the fact that the coefficient of 0(—j) (0 < j < n) 
in X l (T % ) is given by H %+J : (P™ , T* <g> £l 3 (j)) is a formal consequence of the fact 
that VAe O and Vfc G Z we have H k (¥ n , A = 0, except for A = O(-j) 

and k = j, when it is K. Therefore, also in the weighted case it is enough to find 
objects of _D b (Coh(P)) with similar properties of cohomology vanishing as il 3 (j) in 
the example above. It turns out that such objects are given by suitable complexes 
obtained from K', except for those which determine the coefficients of the fl J (J), 
which are again 0{— j). The presence of these complexes makes it less easy to 
compute the minimal resolution in general. As for the problem of determining the 
differentials of the minimal resolutions, we can prove very little: in the case of P™, 
a method to construct them has been found recently (sec EFS ), but it doesn't 
seem easy to extend it to the weighted case. 

Our approach is close to those of [B] (see also |GLp and of |AKUj . where 
P(w) is replaced, respectively, by a different graded variety (it is obtained grading 
P(w) not over Z, but over an abelian group depending on w), and by its associated 
algebraic stack (having an equivalent category of coherent sheaves, as we have seen 
in 11.6(1 . In both papers, however, only the case of O (and not of D) is treated, 
and the explicit form of the minimal resolution is not given. In AKO (where 
noncommutative deformations of weighted projective spaces are also considered) 
another generating set for Z? b (Coh(P)) ("dual" to O) is found, and we prove that 
it coincides (up to twists and shifts) with the above mentioned set of complexes 
which appear in the explicit form of the minimal resolution given by O. 
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Our result also allows to obtain (minimal) resolutions of every coherent sheaf 
on P (although they are no more unique in general), and it is applied to prove a 
generalization of Horrock's splitting criterion for vector bundles on P" . 

Much of the contents of this chapter is summarized (without proofs) in |Ca2j . 

2.1. Koszul complex and sheaves of differentials 

Let Sip := S1 P / K be the P = P(w)-module of K-differentials of P and Vj G Z 
let Sl p := A J '(S1 P ) (of course, S1 P = if j < or j > n + 1); denoting by d : P — > Sip 
the universal derivation, Sip is a free P-module with basis 

{d Xl \IQ {0,...,n};#I = j} 
(where dxj :— dx^ A ■■• A dXi, if I = . . . , ij} with < i\ < ■■■ < ij < 
n), which is naturally graded by deg(dxi) = \wj\ (so that Sip = #/=J Pdxi = 
5 j tJ ■ P(— |wj|)). Setting K~i := Sl p and considering the morphisms (of degree 
zero) 

K-i = Slp -> K 1 -! = Sip" 1 
iez 



we obtain a complex K* — K? w \ G C (mod(P)). Since K* is just the Koszul 
complex of the regular sequence (xq, . ..,x n ), it is exact everywhere, except that 
H°(K°) = P/(xq, . . . , x n ) = K (in degree zero). We will consider also the sheafi- 
fication fC* = /C? w % := (K'p: since ~ is an exact functor and K~ = 0, K* G 

C h (Coh(P)) is an exact complex. 

Lemma 2.1.1. There are natural isomorphisms of complexes 

K' v = K'(\w\)[-n - 1], /C ,v S K'(\w\)[-n - 1]. 

Proof. Clearly it is enough to consider the case of modules. Let L* := 
|w|)[n + 1]: Vj G Z we have by definition 

i j - (^-"-^rc-ki) = ( PduH-M) = ( p^ /c ) v (-|w|). 

#I=n+l+j #/=-j 

Since (Pda;/c) v (— |w|) = Pg?xj, we see that there is a natural isomorphism L J = KK 
It is easy to see that, with these identifications, the differential of L* is given by 

dUdxj) = (-iy n+i j2(^)* miu<i} ^dx IWh 

iei 

and then it is straightforward to check that the maps p : K' J — > U defined by 

P{d Xl ) := {-l) j{n+1 ^^i l d Xl 
determine an isomorphism of complexes /* : K* □ 

Vj G Z let Syz j := kerd K { and := {Syz j )~ = ker d K l = imd^i' 1 . There- 
fore we have short exact sequences 

Sj o - si^ K-t s OpC-K/l) ^ Slf 1 - 

such that = a- 7-1 o (P . 
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Remark 2.1.2. Qp := {Syz' ] )~ — (fi=)o is the sheaf of regular differential 
j-forms (see |Doj or [BR ). It is reflexive but not locally free in general. 

Lemma 2.1.3. Vl J — is a locally free sheaf of rank (™). In particular, = Op 
and £* O f Hw\). Moreover, (^) v = Qf^H). 

Proof. The first statement follows easily by induction on j, using the exact 
sequences Sj (notice that QL — if j < or j > n). It is also clear from the defi- 
nition that f2£ = Of and f22 = Op(— |w|). The last statement follows immediately 
from l2~T~Tl □ 



Proposition 2.1.4. ujp := fig = Op(— |w|) is f/ie dualizing sheaf on P. More- 
over, yj 7 £ Coh(P) and Vi > there are natural isomorphisms Extp(jF, LOp) = 

Proof. One could easily adapt the standard proof for P™ (see |H1I III, thm. 
7.1]). Alternatively, observe that 0p(— |w|) is the dualizing sheaf on P (by jBRI 
cor. 6B.8]) and that Of(— |w|)) = Homp(Op, 0p(— |w|)): this is a consequence of 
the fact that Op(— m — |w|)) = Homp(0(m), 0(— |w|)) Vm € Z (we can clearly 
assume gcd(wo, . . . , w„) = 1, and then this is true by [D] lemma 4.1] if w is nor- 
malized, whereas in general, if P(w) = P(w') with w' normalized, it is easy to 
check, using |BRI prop. 3C.7], that 3m' £ Z such that P ( w )(m) = C?p( w ')( m ')> 
Cp(w)(-|w|) = Op( W ')(-| w 'l) and £>F(w)(~m - H) = C P(w /)(-m' - |w'|)). Since 
moreover £ xt r (0(m), 0(— |w|)) = for i > and Vto £ Z (as usual, one can reduce 
to the case w normalized, and then this is proved in X) , prop. 5.4]), everything 
follows from ll. 5.211 □ 

Lemma 2.1.5. Vw £ N™ +1 and VI e Z the following formula holds: 

E (-l) #I Pi-|w I |(w)=^,0. 
/C{0,...,n} 

Proof. The statement being trivial for I < 0, we can assume I > 0. In this case 
VI C {0, . ..,n} bv lTXTil we have p Hwi , = h (¥,O(l - |w,|)) = x(P,0(Z - |w,|)). 
Therefore, as /C*(Z) is an exact complex, 

n+1 

E(-i) J E x(P,o(i-|w/|)) 

n+l 

= £(-iyxOP»^" J '(0) = x<FX m (!)) = o. 



E(-!) #/ p'- 



□ 
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Lemma 2.1.6. Vj, I € Z Z/ie cohomology of &L(l) is given by the following for- 
mulas: 

h i (P,SV(l)) = 6 i j8i,Q ifO<i<n; 

h°(p,w(i)) = (-ir #/ PMw f i - (-i) j '^,o(i - s j<0 ) 

#I<3 
#I>3 

h n (p, = h°{p, n n - j (-i)). 

Proof. It can be easily proved using the exact sequences Sj and ll. 5.141 
Alternatively, since £P(P,iP(Z)) ^ H l (P,W(l)) bv 11.4.151 the result follows 
from jDol thm. 2.3.2]. Notice that the last equality in the second equation follows 
from 12.1.51 and the third equation is a consequence of Serre duality and of the fact 
that(^) v -^(|w|). ' ' □ 

Corollary 2.1.7. Vj e Z we have Zi°(P,lP(Z)) = l f l < 3 andh n (f,Q?{l)) = 
Oifl>j-n. If moreover j ^ 0, n, then also Zi°(P, = Zi n (P, QP(J - n)) = 0. 

2.2. The theorem as equivalence of categories 

Lemma 2.2.1. \fj,j',l,l' € Z and Vi > we have the following results: 

(1) Ex4(0(Z), £>(/')) = i/Z' > / - |w|; 

(2) Ex4(O(Z),^(i))=0 i/Z<*; 

(3) Ex4(^(j),0(Z)) - i/Z > »- |w| - i; 

(4) Ex4(n»'(0. if)) =0ifl<3+i; 

(5) Ext^O* (Q,fi>" (j')) = Q if j 1 < i < n — j . 

PROOF. 1, 2 and 3 follow from lSXBl since Ext^(C(/), £>(Z')) = iT(P, O(Z'-Z)), 
Ext|(0(Z),fF (.?')) = H 2 (F,W(j - I)) and (in view of lSTfl Ext^'C?), 0(Z)) = 
H l (F, f2 n_J '(|w| + Z - j)). Now we prove 4 and 5 by induction on j > 0. If j = 0, 4 
coincides with 2 and 5 follows again from 12. 1.7)1 If j > 0, applying Honip(— , 57 J (j 1 )) 
to Sj(Z) yields the exact sequence 

Exti( o ¥ (i - |wz|),n^'(i')) - Exti(^(z),^'(. ? ')) - Exti+^o^^o.^'o-')). 

We have Ext^(0 #J=J . <%(Z— |w/|), O- 3 '^'')) = by what we have just proved (|w/| > 
j if #/ = j) and Exti 1 " 1 (SP' -1 (Z),n ; '"(j / )) = by the inductive hypothesis, whence 
Ex4(^(Z),Q%'))=0. □ 

Corollary 2.2.2. If A, B e O or A, B e D, then Ext|(.A, B) = for i > 0. 

Lemma 2.2.3. Vj, j',Z,Z' £ Z the functor ~ induces an isomorphism 

Rom P (Syz j {l),Syz j '(l')) ^ Homp(0 J '(Z), 0*" (!'))• 

Proof. First we prove the case j = (and Z = 0, which we can always 
assume), namely that Syz j ' (l') Hom P (P, Syz j ' (I')) ^ Hom F ((9, fi J "(Z')) = 
£Z°(P, (Z')). The statement being trivial for j' < 0, we can assume j' > 
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and we proceed by induction on j' . Since Syz° = P, the case f = follows from 
11.5.141 If j' > 0, from the exact sequence 

#1=3' 

we obtain a commutative diagram with exact rows 

► H P (Syzt '(/')) ► H P (K-i'(l>)) ► Hp(SyzJ ^(l')) 

► H ¥ (Q j '(l')) ► H ¥ (JC-i' (I')) ► HpiW'-^l')) 

(where Hp(—) ■= Homp(P,— ) and ) := Homp(C,— )). Since the vertical 

arrows on the right and in the middle are isomorphisms by induction, the one on 
the left is also an isomorphism by the five-lemma. 

Now we pass to the general case. As before, we can assume j < n and we 
proceed by descending induction on j, the case j — n following from what we have 
just proved, since Syz n (l) = P(i — |w|). If j < n the exact sequence 

0^Syzi +1 (l)^K-i-\l)^ P(l - |w,|) -> Syz>(l) 

yields a commutative diagram with exact rows 

► H P (Syzi(l)) ► H' P (K-i-\l)) ► H P (Syz^(l)) 

> HL(W(l)) ► HL(K->-\l)) > HL(W+\l)) 

(where H P {-) := Hom P (-, Syz j ' (/')) and H^(-) := Hom F (-, Q J " (/')))• The result 
then follows, as before, from the inductive hypothesis using the five-lemma. □ 

Given S C Z, we will denote by Ms = Ms(P) the full subcategory of mod(P) 
whose objects are of the form (B Zg s P(Z) a ' (a; € N) and by Ms the full subcategory 
of mod(P) whose objects are of the form © <j<n ^J/^'O') ® X with bj € N and 
X G Ms (notice that Ms = Msu{n-H,o})- Similarly, Os (respectively Os) will 
denote the full subcategory of Coh(P) whose objects are of the form ® Ze sO(Z) ai 
(respectively O<J <„ ^{j) bj X with X e Os); we will write O and O instead 
of 0% and O^. By 12.2.31 it is clear that ~ p induces an equivalence of categories 
between Ms (respectively Ms) and Os (respectively Os)- If a, 6 S Z, we set 
]a, b[:= {m G Z | a < m < b} and ]a, b] := {m € Z | a < m < 6} (and similarly for 
[a, 6[ and [a, b]). 

Theorem 2.2.4. The functors ~ p : M]_| w | )0 ] Coh(P) and~ p : Mj n _| w | )0 [ -> 
Coh(P) extend naturally to exact functors between triangulated categories 

F P : K b (M^ lwm ) -> D 6 (Coh(P)), G P : tf 6 (M ]rHw |, 0[ ) - £ h (Coh(P)). 

_Fp and Gp are equivalences of categories. 

Proof. Clearly ~ p induces exact and fully faithful functors from K b (M.]_\ w \ i) 
(respectively i^ b (M]„_| w | _ [)) to if b (Coh(P)), which, composed with the natural 
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exact functor if b (Coh(P)) -> L> h (Coh(P)), define the exact functors F P and G P . 
In order to prove that they are fully faithful it is therefore enough to show that 
given F* ' ,Q* £ if b (O]_| w | !0 ]) (respectively K b (0] n _\ w \ t o[)), the natural map a : 
^°% b (c5h(iP)) ( ^' ' ) — * ^ om D b (Coh(p))(^' ^ G ) is an isomorphism. Consider 
the natural commutative diagram 

^'(QShff))^'^') — 2 — > Hom Di>(Q^h(p))(^*>3*) 

where /? is obviously an isomorphism. Bv lO.lTl the abelian categories Qcoh(P) and 
Coh(P) satisfy the hypotheses of IA.5.21 whence j3' is an isomorphism. Moreover, 
it follows from |2~2~21 that Ext^(F l ,G m ) = for i > and VZ,m £ Z, so that a' is 
an isomorphism bv lA.5.3l Thus a is an isomorphism, too. 

It remains to prove that Fp and Gp are essentially surjective. As F/ h (Coh(P)) 
is generated (as a triangulated category) by the complexes concentrated in position 
and since every object of Coh(P) has a finite resolution with sheaves of the form 
0(j) (by Hilbert's syzygy theorem), it is enough to show that the O(j) (j £ Z) are in 
the essential images im Fp and im Gp . First we prove by descending induction on j 
that O(j) £ imGp for — |w| < j < (this is true by hypothesis for n — |w| < j < 0). 
Now, if — | w | < j < n — |w|, 0(j)[n + 1] is quasi-isomorphic to the complex 

- £-"(|w| +j) - • - fc-M-*- l (|w| +j) - Ol w l +i (|w| + j) -> 0, 

every term of which is in im Gp by induction. Therefore im Gp D im Fp and we can 
consider only the case of Fp. Again, since O(j) is quasi-isomorphic to IC <0 (j)[— 1], 
it follows by induction that O(j) £ im_Fp for j > (in a similar way one proceeds 
for j < -|w|). □ 

Remark 2.2.5. Ifw = (1,...,1), this result coincides with Beilinson's theo- 
rem (taking into account that Coh(P ) is equivalent to Coh(P") bv I1.4.1H and 
11.5. 611 . except that, in order to identify Gp with Fa, it is also necessary to con- 
sider the equivalence between Mi n _i w i or = M$ and M[_„ .o](A) (defined on objects 
by Syzi(j) i— > A(— j)). That this is an equivalence follows from the fact that 
Hompn(f2 J '( i 7'), (j 1 )) = A J_J (Pi)- Since this is not true in the weighted case 
(although it still holds in a weaker form, see I2.3.6|) . and also because of the pres- 
ence of P(l) for n — |w| < I < 0, we don't think it is possible to give in general an 
alternative simple description of Mi n _i w i or. 

Remark 2.2.6. Bv l2~!T2l together with the fact that Hom F (C(j), £>(/)) = 
for j > I and Hom F (C(j), 0(j)) ^ K, the sequence (0(1 - |w|),...,C) (hence 
also (0(k), . . . , 0(k + |w| - 1)) Vfc £ Z) of £> b (C oh(P)) is strong exceptional (see 
IA.2.2f) . and also full, since O generates Z? b (Coh(P)), as we proved before. On the 
other hand, while (f2 n (n), . . . , Q°(0) = O) is a full and strong exceptional sequence 
if w = (1, . . . , 1), the objects of D usually do not form an exceptional sequence, 
because in general dimK Homp(fP (j), iV(J)) > 1 (so that iV(j) is not exceptional), 
as it is easy to see. In |AKOj also the full (but not strong) exceptional sequence 
which is left dual fsee IA.2.5|) of (O, . . . , 0(|w| — 1)) plays an important role; later 
we will study it (see 12.5.111 and 12.5.121) . 
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Remark 2.2.7. Both in [B] and in |AKO| a different, although closely related, 
result is proved, namely (translating to our setting) that there is an equivalence of 
categories between £> fc (Coh(P)) and D b (mod(B)), where B is the (noncommuta- 
tive) endomorphism algebra of © <j<|w| 

2.3. Morphisms between sheaves of differentials 

Given J 7 , G e Coh(P) and S C Z, let Hom° s (J 7 , Q) be the subset of Hom F (J r , G) 
consisting of those morphisms which factor through an object of Og. Since the 
composition of two morphisms of Coh(P), one of which is in Hom° s , is again in 
Hom° s , we can consider the quotient category Qs = Coh(P)/Os with the same 
objects as Coh(P) and with HomQ s (J 7 , Q) := Hom F (:F, £)/Hom° s (J 7 , Q) (as usual, 
Qz will be simply denoted by Q). 

Remark 2.3.1. It is easy to see that VT 7 , Q e Coh(P) the set Hom° s (J 7 , Q) is 
a subgroup of Homp(.F, Q) 1 and that therefore Qs is an additive category. 

Definition 2.3.2. A morphism in Coh(P) 

0<j<n l£Z 0<j<n leZ 

is called minimal with respect to Q J (I) (0 < j < n and I € Z) if the component of 
/ from W(l) a i to Q^l)^ is in case j = and if it is in Hom°(n 3 '(j)°i,fi J '(j) 6 ') 
(i.e. its image in Homq (IP (j) a ' , IP (j') b i ) is 0) in case < j < n. / is minimal if it 
is minimal with respect to each f2 3 '(Z). 

A complex C € C(Coh(P)) such that each C 1 is a direct sum of sheaves of the 
form £l J (I) is minimal if d l c . is minimal Vz G Z. 

Remark 2.3.3. Hom (fP(j),fP''(j')) = Rom°^-^^(W {/)) if < 
j,j' < n: this follows from the fact that (by Serre duality and l2.1.7|) 

Hom F (O^(i),O(0) = H n (F,W(j - |w| - l)) v = 

if I < n - |w| and Hom F (C(/), (j')) = H°{¥, ft j ' (f - I)) = if I > 0. 

Lemma 2.3.4. Let fl^ Of(0 &e morphisms with I S Z and < j < 

n. TTien g o f = 0, 

Proof. Applying the functor Hom F (0(Z), — ) to Sj+i we obtain the exact se- 
quence 

Homp(O(0,X:~ i-1 ) -» Hom F (O(0,^) -> Ext F (C(/), 

Since Exti(C(/), = H X (P, J ' +1 (-Z)) = by jTj / factors as / = /3J+ 1 o /' 

for some /' : 0(1) — » Similarly, applying Hom F (— , C(/)) to one can prove 

that g ~ g' o for some <?' : /C - - 7 — * O(0- Hence 30 / = g' o a- 7 o /3 J+1 o /' = 
5' o o /'. Now g', <i^~ and /' are morphism in O and is minimal, so 

that their composition g o / is also minimal (this follows immediately from the fact 
that Roxa ¥ (0(l),0(l')) = if I > I'), i.e. gof = 0. □ 

Denoting by tt* : /C^'(j) - © #/= . F (j - | W/ |) -> © #1=ij , wil>j C%(j - |w/|) 
the natural projection, and observing that n — |w| < j — |w/| < if = j, we will 
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consider the map 

7rW(?) : -> cvO'-M). 

#X=j',|wi|>j 

Lemma 2.3.5. cf> e Eom. ¥ (Q j (j), (f)) is m Hom°l"-i"i- i(O J '(j)) U')) 
and only if it factors through it 3 oa 3 (j). Moreover, if j' > 0, this is the case if and 
only if (p factors through ot 3 {j). 

PROOF. Assume that 4> e Hom° 1 ' l - |w| - 0[ (^(j),O i '(j')) (the other implication 

being obvious), say cf> = </>' o with <^(j) ± T := ©„_| w | <i<0 O f (l)^ *U Q| (/). 
Applying Hom F (— , J 7 ) to Sj(j), we obtain the exact sequence 

Hom F ( 0(j - |wj|),JT) _> Hom F (ff(j),JF) -> Ext^n^tf),.^. 

Since, for I > n- |w|, Ext^P'- 1 ^'), 0{l)) = bv l2~2~Tl we see that ^> = poa j {j) for 
some p € Honijp(0 #/=j . C(j — |w/|), J 7 ). On the other hand, since Hom F (0, 0(1)) — 
for I < 0, it is clear that p factors through 7r J , say p = p' o it 3 . Therefore 
4> = 4>' o p' o ir 3 1 o a 3 (j). The last statement follows immediately from the fact that, 
if f > 0, then Hom F (C, Q 3 ' {j')) = (hv KTT^ . □ 

Unlike the case of P , it is not true in general that Hom F (fP (j), IP' (/)) 
(for < j, j' < n) only depends on j — j' (for instance, it can happen that 
R om ¥ (fl j {j),n 3 "(j')) ^ for some j < f , whereas Hom F ((9, n j '- j (f - j)) = 
bv !2. 1.7(1 . On the other hand, we have the following result. 

Proposition 2.3.6. For < < n there are natural isomorphisms 

Hom Q] „ Hw|i0! (^(j),^'(j')) = A'"-'"(Py). 

PROOF. We will denote by Kr 3 the subsheaf #J=J - = | WJ | 0(-|w/|) of fC~ j ; 
observe that it is naturally isomorphic to O(-j) ®k A j (Pi). 

First we consider the case j' = 0: applying P±om F (— ,0) to Sj(j) yields the 
exact sequence 

Hom^r!^ 1 ^),©) Rom ¥ (K- j (j),0) Hom F (fP(j), 0) - 

(because Ext-^'" 1 ^), 0) = bv EEH)) . It follows from |2~XB1 that 

Hom q]n _ |w| 0[ (n^(j),O) - Hom F (/C^(j),O)/(im^0r +im(^")*)- 

Since G Hom^- 1 ^), O) we have /^'OTOWI/fc-iy) = (byEHif j > 1 and 
because <j> = if j < 1), we obtain 

Hom Q]n _ MiO[ (n*00,O) S Hom F (^^"(j),0) - Hom F (G ® K A'(Pi),0) S A^). 
By duality this also proves the case j = n: indeed, we have more generally 

HomQw-M.oiC^) - Hom Q]„-i„i,o[(^ V ( n - H),^( n ~ l w D) 

yp,G 6 Coh(P) (because the same is true for Hom F and Horn I™ -1 " 1,01 ). Taking 
into account that tt 3 (j) v (n — |w|) = £l n ~ 3 (n — j), this implies 

Hom Q] _ MiO[ (n^j),O^\i0)^Hom Q] „_ lw|iO[ (n"-^^-j'),O^(n-i)), 
whence HomQ ]ii _ |w| 0[ (Sl n (n), SI 3 (j')) = A n ~ 3 (P^ ) by the case already proved. 
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Therefore we can assume j' > and j < n. As before, Homp(- , fP (j')) applied 
to Sj(j) yields the exact sequence (observing that Extp(/C _J '(j), fP (j 1 )) = by 

Em 

Kom ¥ (lC- j (j),W'(j')) Rom ¥ (W(j),W'(j')) - Ext^ff-^j), - 0. 

From 12X51 it follows that Hom Q]n _ |w| iO[ (fP'0'), £P'(j')) = Ext^'" 1 ^), £P'(j')), 
and we claim that 

Hom Q] „_ |w| 0? (/)) S Extf^" (j), fi*" (/))• 

In fact, if < i < j', applying Honip(— , iP (j')) to Sj_,(j) we obtain the exact 
sequence (taking into account that Ext^/C 1- - 7 (j), IP (j')) = bv l2.1.6fl 

- Ex^n*-*(j),fi>V)) -> Ebrt^ 1 ^-*- 1 ^),^^")) - E 3 4+ 1 (^'(7),n , *'(j"))- 

Since also Exti +1 (/U~ J '(j), fP" (j')) = bv l2XTl the claim follows by induction on 
i. Applying Homp(— , IP (j 1 )) to Sj-ji-i(j) (for i = 0, 1) gives the exact sequence 

Eb4' (W-i'- 1 -^), W' (?')) /3J " J, "' (jr > E4' (tf '-''+* (j), ^" (?')) 

aJ " J, " ,(3T , Ext^fP^'^W^'V)) - E 3 4' +1 (^"- 1 - i 0-),fi 3 "(7')) = 

(the last term is by part 5 of 12.2.11 as j < n). Now ° aP^' -1 ^)* = 

{dfcV 11 )* — (this follows from the fact that d?^ 1 is a minimal morphism and 
ExtjL'(0(/),lP'(j')) = Hi' (? - I)) = for j' ^ Z if < f < n, as we can 
assume here), whence also /J' - -? (j)* = 0, because a- 7 ^- 7 is surjective. Thus 

a J ~ J (j)* is an isomorphism and 

Hom Q] „_ lwli0[ (SV (j), iV {j')) = Ext^' {KP' ~ j (j), 0? (/))• 
On the other hand, bv l2.1.6l we have 

Ex$(&'- s (j),w'V')) s iP"(P,lP"(j') ® K?'-'(?) v ) 

= (g) t j '- j {j) y ) s ff J "(P,JP" ® K A J '- J "(P X ) V ) = A^"(P^). 

□ 

Remark 2.3.7. One can check that, under the isomorphisms given bv I2.3.6| 
composition of morphisms in Q] n _i w i o[ corresponds to multiplication in A(P^). 

Corollary 2.3.8. If X — > V Z are morphisms in O wrai/i / or g minimal, 
then g o f is minimal, too. 

Proof. It follows from l2Xl and the fact that Hom Q]n |w| 0[ (fP(j), £P"(j')) = 
if j < f and Hom F (0 (0,O(O) = if I > I'. ^ □ 



2.4. UNIQUENESS OF THE MINIMAL RESOLUTION 



3!) 



2.4. Uniqueness of the minimal resolution 

Lemma 2.4.1. ///:£—>£ is a minimal morphism in O, then f is nilpotent. 

Proof. Let £ = ($) leZ 0{l) a ' ® 0<j<n ^ j (j) bi ■ First notice that g := e 
Hom° (£,£), i.e. g = in Honiq (£,£): this follows easily from the fact that 
for < j,j' < n the component of / from Q?(j) * to Q? (j') b j' is zero in Homq 
if j < i' fbv 12.3.51 if j < j' and because / is minimal if j — j'). Therefore we 

can write g = g" o g' with £ — ► A4 — ► £ and M £ O , and then the morphism 
/i := (g' o g") 2 = g' o g o g" : M —> M. is minimal bv 12.3.81 Now it is clear that h 
is nilpotent (because V/, CgZ the component of / from 0(l) a ' to 0(l') a '' is zero if 
l>l'), say h m = 0. Then g 2m+1 = g" o /i m o 5 ' = 0, whence also / is nilpotent. □ 



Corollary 2.4.2. fi^(i) is indecomposable for < j <n and VZ G Z. 
Proof. Since the statement is independent of I, we can take I = j. Bv 12.3.61 

Hom Q] _ |w|0[ (^"(j),^(j))=]K 

and it is clearly generated by idnim- Now assume that fl J '(j) = © with 
J ^ ^ 5, and let / : n j '(j) — > n 3 '(j) be the morphism corresponding to id^-. 
Then VA £ K the morphism / — AidfWj), being not nilpotent, is not minimal, 
i.e. its image in Homq, . , 0[ (fi J '(j),f2 J 'fj')) is not zero. We have thus obtained a 
contradiction. □ 



Proposition 2.4.3. Every bounded complex of O is isomorphic in K b (0) to 
a minimal complex, which is unique up to isomorphism in C b (0). Moreover, a 
morphism between two minimal complexes is an isomorphism in C b (0) if and only 
if it is an isomorphism in K b (0). 

Proof. We will show that every £* G K b (0) is isomorphic to a minimal 
complex by induction on rk(£*) := X^iez r k(£*)j the case rk(£') = being trivial. 
We can assume £' is not minimal, and then £' must be of the form (for some 
i £ Z) 

C 1 - U C = © -i L £ l+1 = © — U £ l+2 

A A 



with A = for some < j < n or A — Oil) for some I £ Z and with 

s an isomorphism (this is clear if A = 0(1), whereas if A = OP(J), just notice 
that by 12.3.61 s must be of the form A (id + /) with A £ K* and / nilpotent by 
I2.4.1|) . The condition d l c . o d^. 1 = is equivalent to b 1 ^ 1 = — o b l o a 1 ^ 1 and 
(a 1 — & o s^ 1 o b l ) o a 1 ^ 1 = and the condition d 1 ^. 1 o d l c . = is equivalent to 
c l+1 = — a l+1 o c l o s _1 and a l+1 o (a 1 — c l o s _1 o b l ) — 0. It follows that 

. . . _> £ i ~ 1 a '~ 1 > £} a '^ c ' os l ° b ' > a ' +1 ) £}+ 2 > 
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is a complex, denoted by C . It is easy to see that the maps 



>+i 



£•=••• ► — ^ £ 4 — C l+1 — £-> £ i+2 



r 



id 



I (id 0) I (id -c'os -1 ) | i 



define morphisms of complexes, which are inverse isomorphisms in K b (0). Indeed, 
g'of = idg. and Vj € Z id £j -/ J 'o^ = W +1 o^. +d i c . 1 oW, where W : £ J -> Z^'" 1 
is defined by 



s °i) "if./ = M I- 



Since rk(£*) < rk(£*), by induction £* (and then also £*) is isomorphic to a 
minimal complex. 

It remains to prove the last statement (which clearly implies the uniqueness of 
the minimal complex in C*(0)), namely that if /*:£*—> /A' is a morphism in 
C b (0) inducing an isomorphism in K h (0) with C and Ai* minimal, then /* is 
an isomorphism in C b (0). Let g* : M* — > £* in C b (0) be such that /* and g' are 
inverse isomorphisms in K b (0). g'of being homotopic to id£» means that Vi G Z 
there exist maps h l : D — > £ l ~* such that, setting a 1 := d^. 1 o h l + h l+1 o d^. , we 
have g l o /* = id^i — a 1 . By 12.3.81 each a 1 is minimal, and then, by 12.4.11 3m G N 
such that (a l ) m = 0. Thus, setting s l := ^j=o ( al )" ? ) we obtain 

id £! = (id £ m -(« 1 )" 1 = (id £ ,-a> S * = S *o(id £i -<) = (g'of )o S * = Jotfof), 

so that g l o /' is an isomorphism. In the same way, the fact that /* o g* is ho- 
motopic to id»« implies that also p o g l is an isomorphism, whence p and <?* are 
isomorphisms \/i G Z. □ 



Remark 2.4.4. With obvious modifications, the same result holds, of course, 
also for a complex a twist of which is in K b (0). 

Remark 2.4.5. It is clear from the proof of 12X51 that if C',M' G K b (d) 
are isomorphic, M* is minimal and £* is minimal with respect to some A (with 
A = fi J '(j) for some < j < n or A — 0(1) for some I G Z), then the coefficients of 
A in £' and .M 1 are the same Vi G Z. 

Corollary 2.4.6. Given JF* G D b (Coh(P)) tfiere exist unique (up to isomor- 
phisms) minimal complexes X G C b (O]_| w | ]) and y G C (0] n _i w i o[) s^c/i £/iat 
T' = ~X* = y" in L> b (Coh(P)). 



PROOF. It follows immediately from l2.2.4l and 12.4.31 



□ 
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2.5. Explicit form of the minimal resolution 

Lemma 2.5.1. Let • ■ • ,£m be distinct vector bundles on P of the form 
Oil) (I G 1) or if) (0 < j < n) and let U* be a minimal complex in C fc (0) with 
W = 0Li£(fcV Assume that there exist h G {l,...,r} and C G C 6 (Coh(P)) 
such that ft, l (P, £* ® Boa) = bh,k&i,o- Then \/i G Z there is a natural isomorphism 

Moreover, if <f>* : IA* — > V* is a morphism in C 6 (0) with V* also minimal 
and V 1 = let cf>^ be the component of (j) 1 from £?h to £/£y With the 

above identifications, if £^ — Oil) for some I G Z, then is the natural map 
ide>(z) ®k H*i¥, £' (g) <jf), whereas if £(h) = ^ J ij) with < j < n, then the image 
of <t>\h) * n HomQ coincides with that of id^j (8k H l (P, £* ® <j)*). 

Proof. Vto S Z by IA.3.31 there is a morphism of distinguished triangles in 
if b (Coh(P)) 

(5* # 

U <m [-l] ""'"'"'> W m [-m] - > U^ m P ' > W <m 
(2.5.1) |0 <m [-i] L m [-m] L Sm |</> <m 

V <m [-1] V "'" ,T "> V" 1 [-to] — — > V- m — — > V <m 

(where i* and j* are the natural inclusions and p* and g* the natural projections). 

Let's denote for simplicity by F the functor P(P, C ® — ) (so that i? 1 ^ 1 = 
H' l (P, C ® — )). We are going to show by induction on m that 

10 II I > TO 

Vi,TO S Z (and similarly for V, of course), and that i? l F((/> <m ) can be identified 
with i?°F(</> 4 ) if i < to. 

Since the above equations are trivially true for m << 0, we have only to 
prove the inductive step from m to m + 1. Applying i* 1 to l|2.5.1|) and taking into 
account that, by induction, i?'F(^< m ) = R l Fi5y< m ) = 0, we obtain Vi G Z a 
commutative diagram with exact rows 

> R l - ,n FiU rn ) WF{l ' ) ) R}F{U^ m ) R1F{p '\ R*FiU <m ) > 

|fl i - m F(0 m ) liJ i F(^ m ) |fl*F(<A <m ) 

> R l ' m FiV m ) R ' Fb ' ) > R l FiV^ m ) R ' F(q '\ B*F(V <m ) > 0. 



For i ^ to we have i? l " m F(W m ) = i^- m .F(V m ) = by hypothesis, so that IPFip*) 
and R t Fiq*) are isomorphisms (hence i? l F(0- m ) can be identified with R l Fi<fi <m )). 
On the other hand, by the inductive hypothesis R m F(lA <m ) = R m F(y <m ) = 0, 
whence R m Fii') and i? m F(j*) are isomorphisms. It follows that (as wanted) 



R l FiU 



R°FiU i ) ifi<m 
if i > to 
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(and similarly for V*) and that R l F{(j)- m ) can be identified with R°F(4> 1 ) if z < to. 
It remains to prove that R l F(5y< m+1 TO+1 ) = 0. Now, for i ^ m + 1 this is true 
because the target of the map is R i ~ m F(U m+ ) = by hypothesis, whereas for 
i = m + 1 observe that dfi. = <5£< m+1 m+1 [m + 1] «*M : um -> W m+1 , so that 

) = fi m+1 F(^< m+ljm+1 ) o 

As R°F(dj2») = because d$. is minimal (remember that R°F{£(u\) = K and that 
each component of d^. from En^ to £(m is nilpotent by 12.4.1(1 and as R m F(i°) is 
an isomorphism, it follows that also R m+1 F(S^< m+1 m+1 ) = 0. 

Vt e Z, taking m > i such that W <nl = W, we have therefore natural isomor- 
phisms 

iT(P,£' ®W) = R?F(W) S &F(f4 <m ) S R°F(U l ) = H°(P,C'<E>U l ) 
(and similarly for V) such that iT(P, £"®0") can be identified with ff°(P, £*<g)^). 
Then everything follows, as the hypothesis on £* implies that £?A = ®jk 
H"°(P, £* ®U l ) and that in this way if = O(Z) (respectively the image of 
<t>i h) in Hom Q if £ {h) = QP{j)) can be identified with id £(h) <g K 2?°(P, £* <g> □ 

Definition 2.5.2. For — |w| < I < let be the subcomplex of K,*(—l) 
defined by 

H) := OH-|wi|)C 0(-l-\ Wl \)=lCi(-l) 

#/=-3,|wj|<-i #i"=-j 

Vj G Z (it is a subcomplex because ^.(_n(^m) ^ -^(i) )• Similarly, for n— |w| < 
! < we denote by A//*\ the subcomplex of /C"(— /) defined by 

G(-l -\w T \)C ® 0(-l-W) = r(-l) 

#J=-j,|wj|<-i-j #J=-j 

Vj € Z. Let moreover j and A/"*) be the complexes defined by the exact se- 
quences 

O^A*^ £•(-!) ->Mfo[l]->0, 

Remark 2.5.3. By definition, we have 
K)- °H-W), A/^ = OH-|wz|). 

#7=l-j,|wj|>-i #7=l-j,| W j|>-i-j 

Remark 2.5.4. M J ^ = A4^s = A/7^ = A/7„ = if j < — n or j > 0. It is 
also immediate to see that each A4|« (respectively A4|^) contains only terms of 
the form 0(i) with < i < — I (respectively — I — |w| < i < 0). Similarly, each 
A/7^ (respectively A/?n) contains only terms of the form O(i) with j < i < —I 
(respectively —I — \w\ < i < j). 

Remark 2.5.5. Since K'{—1) = in Z? b (Coh(P)), the distinguished triangles 
M' (l) -> Mfo -> JC'(~l) -> Mfall] and Afo -» A/"*^ -> £•(-/) -» A/^l] imply 
that M' (l) = 7Wr n and A/m = A/f» in L> fc (Co~h(P)). 
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Lemma 2.5.6. There are the following isomorphisms in D & (Coh(P)); 

(1) (M' (l) r = M^_ |wH) (l)[-n] for -\w\<l< 0; 

(2) (Af^y ^ ( ; HwH) (n)[-n] forn-\w\ <K0. 

Proof. Since the proofs are very similar, we prove only 1. Dualizing the 
surjection K,*{-1) -» M?n[l] gives an injective map (M?n) v [-1] (/C*(-/)) v - 
Since (/C*H)) V = IC'(l + |w|)[-n - 1] bv l2~l~Tl we see that } ) v (-l)[n] can 
be identified with a subcomplex of /C*(— (1 — |w| — I)). Therefore, the natural 
isomorphisms (Vj G Z) 

(M^n-m* - M^- j (iy = ©a - 1 - Kir 

#J=n+j+l,|wi|>-i 

S (| + | Wj |_i)£* 0(/ + |w|-l-|w 7 c|) 

#I=n+j+l,|wj|>-J #I c =-i,|w 7 c|<|w|+J 

- 0(|w|+/-l-|w./|)=A^ lHw| _ o 

#J=-j,|w./|<|w|+Z-l 

imply that (7W^) v (-l)[n] = .M^_| wH) in C b (Coh(P)). Therefore, in view 
of 12.5.51 there is an isomorphism (tW'^) v = (M*^) v = A4? 1 _. w ,_^ (1) [ — rz.] in 
D & (Coh(P)). □ 



Lemma 2.5.7. Let £',F' g L>"(Coh(P)) and a e Z. If W (Y , £ m ® T') = 

. L 

/or i > a — m (respectively i < a — m) and Vto € Z, t/ien H l (P,C (E) = /or 
i > a (respectively i < a). 

PROOF. We consider only the case with > (the other one is similar). £' being 

. _ L 

bounded, it is enough to prove that W(P, £ <m ® F') = for i > a and Vm e 
Z. Since this is obviously true for m << 0, we can proceed by induction on 

to. Applying the functor iJ°(P, — eg) JF*) to the distinguished triangle £ <m [— 1] — > 
£ m [— to] — > — > £ <m we obtain Vi € Z an exact sequence 

ff- m (p, £ m ® r ) // i (p, ® r ) ^ ij*(p, £ <m ® j'). 

Now, if i > a, iP(P, £ <m <g) J 7 *) = by induction and iP- m (P, £ m <| J 7 *) = by 

L 

hypothesis (i — m > a — to), whence also fP(P, £- eg) J 7 *) = 0. □ 



Theorem 2.5.8. Given J 7 * € L> b (Coh(P)) let X = X (T*) e C b (O Hw | )0 ]) 
and y = y (J 7 *) G C (Oi n _i w i or) be the minimal complexes (which exist unique 
up to isomorphisms by \2.4-b\ such that T* = X = y in _D b (Coh(P)). Then 
V« € Z we have 

= °U) ®k H\W,T' ® M^), 
-|w|<j<o 

y*= 0(j)®kH 4 (p,^*®aa ( ')) n^o-)®K-ff i+i (P,^(-i)). 

n-|w|<j<0 0<j<n 



denotes the left derived functor of i 
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Moreover, given <P* : T* Q' in L> h (Coh(P)) ; let X* {</>') : ~X~' (f) -> ~X*(G') and 
y((f>') ■ y'(F') -> y*(G') be the induced morphisms in K b (Coh(F)). ThenVi e Z 
and for -|w| < j < the component of It from O(j) <g> K ff^P,^ 7 * <E> -M?^) to 
0(i)<&K ^AlyO (respectively for n ~ |w| < j < t/ie component ofy\c/>') 
from 0(j) ® K £P (F, .F* O-A/y)) to ®k iP(P, G'^JV'^)) is given by the natural 
map ido(j)(g)K-ff 8 (P) <?!>*®M(U) (respectively id ^^H l (¥, 4>*®N*^)), whereas for 

<j <n i/ie image of the component ofy\(f>') from f2 J (j) ®k /f l+J (P, j)) to 
£V (j) <8>k if J (P, G'(— j)) in HomQ ]n |w| . coincides with the image of the natural 
map ido.o) ®K fl*(P, 

Proof. Let := O(j) if n - |w| < j < and £(j) := ^ (j) if < j < n. 
Define moreover JV'^ := 0(— l)[l] for < I < n. Then, bv 12.5.11 it is enough to 
prove that the following formulas hold Vi € Z: 

&*(F,-MfoCj)) = kiko - k| <i,i < o 

V(P, A/(q O %)) - <^,A,0 n - |w| < j, I < n. 

Notice first that the case of Af'^ for < I < n follows immediately from l2.l!Bl 

Since M^U)) = for i > -m and Vrn e Z fbv ll.5.14l and l2~Q| . we have 
h l (F,M' {l) (jj) = if i > byEEZI Moreover, also h l (F, M^(j)) = for i < -m 
and Mm e Z, and so h l (F, M' {1 ) (j)) = h^F, MlJj)) = if i < 0, again byEEZI 
In a similar way fusing fF.l . 61 instead of II. 5.141 in the case < j < n) one can prove 
that A/"* } <g> %,) = if i ^ for n - |w| < I < and n - |w| < j < n. 

Therefore it is enough prove that xi^^MmU)) = f° r ~l w l < 3, 1 < and 
x(P, AOn = for ra- |w| < I < and n- |w| < j < n. Now, if -|w| < j,l < 

0, bv II j. 141 and 12X1 we have x(P, (j)) = /i°(P,M^(i)) = /i°(P,/C ro (j - Z)) 
Vto e Z, and so 

X (p,M( (j)) = ^(-i) m X (p,^^(i)) = j^-ir^K^c? - 0) 

m m 

= E(-!) m E Pi-^-iwd = E(- 1 ) #/ p J -'-iw,i = ^ 

m #I=— m / 

the last equality following from l2.l31 Similarly one can prove that x(P,-Vm(j)) = 
<S,-,j if n - |w| < l,j < 0. It remains to show that x(P,jV? ; s ® f2 J (i)) = if 
n — |w| < I < and < j < n. Taking into account that OP{j) = /C- _J '(j)[— j] in 
Z) 6 (Coh(P)), we have 

X (P, A/- ( ' ® ^(j)) = X (P, A/- ( ' ® /C^^(j)[-i]) 

= E(- 1 ) #/ ^( F ^(*)(J'-I w ^))= E Ef-^^XOP^CJ-Iw/I)) 

#I<j #/<j m 

= E E (-^^Pi-Hw.Hw, 

#-f<J |wj|<#J-i 

(using the fact that x(P,^/m(j - |wj|)) = h {F,jV(J\(j - |wj|)), since j - Z - |w/| - 
|wj| > -|w| if #/ < j and |wj| < #J-l). Hence we can write x(P,^m®0 J '(j)) = 
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x — y with 

*'■= E EH^'^-Hw.Hw.i, 

#I<3 J 

y-=H E H) #H+ Vw-i.|. 

*I<3 \wj\>#J-l 

Using 1271.51 we obtain 

= E (-i)*---^!^. = (-i) j E (-!) #/ - 

#I<3 #I<j,\wi\=j-l 

On the other hand, observing that j—l— |w/| — |wj| < if #/ > j and |wj| > if J— I, 
again bv !2.1.5l we have 

y= E (-i^E^Wkhw^ E (-i) i+#J <Wi,^ 

|wj|>#j-; / | WJ |>#j-i 

= i-iy J2 (-i)* J = (-iy E (-!) #J - 

|wj|>#J-J,|wj|=j-i #J<J,|wj|=3-i 

Thus x = y and x(P, JVJ, <g) fP (j)) = 0. □ 

Remark 2.5.9. Of course, in the particular case w = (1,...,1), the above 
resolutions coincide with the usual Beilinson's resolutions on P™ , taking into account 
that Coh(F') is equivalent to Coh(P n ) bv 11.4.141 and 11.5.61 Indeed, in this case 
n - |w| = -1, and so T [T') = © < J <„ CL j {j) ®k H^(¥\ T'(-j)). On the other 
hand, M*,^ — /C- J (— j), which is isomorphic in D b (Coh(P")) to f2~ J (— j] for 

-n = 1 - |w| < j < 0, whence = ©„<,<„ 0(-j) ® K H^(¥\ T' ® 

The complexes ■Mu~ ) and A/J-s (including 0(—j)[j] for < j < n) which appear 

in the resolutions of 12. 5. 81 are uniquely determined as objects of Z? b (Coh(P)). More 
precisely, we have the following result. 

Proposition 2.5.10. IfV S L> b (Coh(P)) is such that for some -|w| < a < 

andMT' e £> b (Coh(P)) f/te c oefficient ofO(a) in?(f) is gw en &y tf(P, 

then V = M? o) m L> b (Coh(P)). Similarly, if Q* G D b (Coh(P)) is suc/i t/iat /or 

somen— |w| < 6 < (respectively < b < n) and^/T* £ _D b (Coh(P)) i/ie coefficient 
ofO{b) (respectively n b (b)) iny 1 ^') is given by h^,T' ® Q*), tfcen Q* =M* a) 
(respectively Q* ^ 0(-&)[6]j m D b (Coh(P)). 

PROOF. Possibly after substituting T 3 * with ~X°(V(1 - |w|))(|w| - 1), we can 
assume that T 5 * is minimal in C b (0[o i | w |[)- Then, bv 12.5.81 and by the hypothesis 
on V, we have Vi € Z: 

7*(l-|w|)= 0(j)® K H i (¥,V(l-\w\)®My 

-|w|<j"<0 

= 0(3)®KH l (V,Ml a) (l-\w\)®Ml j} ). 

-|w|<j<0 
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AsM' a) is also minimal in C h (O [0 , | w |[) (so that M' a) = X (M' a) (l- |w|))(|w|-l)), 
the last term is equal to ■M l , a Al — |w|), whence V % = M % / a \ Vi G Z. Similarly, 
"P* := A r *(7"(l))(-1) (which is minimal in C*(O[_| w | i0 [)) is such that V 1 = M\ a) 

Vi e Z. 

Since Ext^P', P m ) = for i > and VI, m E Z, it follows from IA.5.31 that 
Hom ifi>(c5h(p))(^*^*) ^ Hom D''(c5h(P))C^*> 7 '*)- Choosing a : V' ^ V whose 
image in D b (Coh(P)) is an isomorphism, it is clear that C* :— MC{a°) satisfies 
the following properties: C* = in £) b (Coh(P)) (i.e., C* is an exact complex), 
C is minimal and C l = K, l {—a) Vi 6 Z. It is easy to see that this implies that 
C = K*(—a) in C fc (Coh(P)) {C-~ n and /C- _n (— a) are isomorphic as complexes 
because they are both X resolutions of 0{— a — |w|)[n + 1], and it is immediate 
to check that an isomorphism C- n — ► /C-~ ,l (— a) extends to an isomorphism 
C — ► /C*(— a)). Therefore "P*, which is a subcomplex of £* = JC'(—a) by definition 
of mapping cone, can be identified with -M7 a y 

In a similar way (always using the X resolution) one can prove that Q* = J\f? b 
or Q* S 0(-6)[6]. □ 

PROPOSITION 2.5.11. The left dual of (O, . . . 0(\w\ - 1)) (which is a full and 
strong exceptional sequence of _D h (Coh(P)) bu \2.2.b\) is the (full exceptional by 
sequence (M*^^ [1 — |w|], . . . ,.M*^[Z], . . .M' Q ^). 

PROOF. We will prove more generally that L^'0(i) = M*_^{i — for 
< j < i < |w|. We proceed by induction on j, the case j = being clear, since 
•M* ) = O. For j > 0, by definition, there is a distinguished triangle in D b (Coh(P)) 

L&0(i) -► W L^Oii) -> (l(J*)0(j))[l], 
where W := © fceZ (Hom Db(S5E(F)) (0(i - j)[fc], L^O{i)) ® K 0(i-j)[k\) and u 
is the natural morphism. We can assume L^~^0(i) — A4* 1 _^(i + 1 — ~ j] by 
induction, whence we have 

W = Kom Db{15 ^ m) (0(i-j)[- P },Ltt-Vo(i)) ® k O(i - j) 
s H P (P, {L^O(i)){j - i)) ® K 0(i - j) = H p+1 ->(P, M' {1 _ j} (l)) ®k 0(i - j) 

VpeZ. Now, h p+1 -^,M' (1 _ j) {l)) is the coefficient of 0(1 - j) vaX p+1 ~ J (0(l)) 
byEEl and, as X*(G(1)) is clearly given by /C <0 (1)[— 1], we obtain 
^+ 1 -i(P,M^_ i) (l)) = #{J|#J = i-p,|w 7 |=i}. 

Using IX. 5. 31 it is immediate to see that u is actually a morphism of -ftT fc (Coh(P)); 
then we can assume that L^O{i) = MC(u)[— 1], so that we have 

{L^O(i)f =H P ® {L { i-^0{i)) p - 1 =H P ® M p ( -i j} (t + 1 - j) 
^0(i-j)#{ J l#^-f>xl=i} (i_| W/ |) S 0(Hwx|) 

#-f =j—p, I WJ |< J — 1 # J =j -p, I WJ I < J 

= Mfr| ) (i-i) = ^_ i) (i-i)HF. 

It is also easy to check that the differential of L^'0(i) can be identified with that 
of Ml^ii-N-j}. □ 
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Remark 2.5.12. One can also prove directly that (A / t? 1 _| w u, . . . , M.7 \) is a 

(full) exceptional sequence of D ft (Coh(P)) fsee lA.2.3|) . Indeed, for -|w| < j,l < 
and Vfc G Z we have (taking into account I2.5.6fl 

= ff fc (P,^^_ |w| _ (l)[-n] ®M m U) ) = H k - n (W,Ml 1 _ ]w] _ l) (l)®M' {j) ). 

Now, by I2.5.8| the dimension of this K-vector space is the coefficient of O(j) in 
* fc_n CM^_ |wM) (l)). But J MJ 1 _ |w| _ l) (l) is minimal in C b (O } _ H>0] ) fbvEXIl). so 
that it coincides with A" (A4? 1 _i w in (1)). Therefore 

^~"(-^(iHw|-o( 1 )) = ^ - °d w l + ' - I^D' 

#7=ri-fc+l,|w/|>|w|+Z 

and we conclude that 

diniKHom^^c^h^^M^.M'j-)^]) = #{/| #/ = n - fc + 1, |w/| = |w| + I - j} 

= #{/|#r = fc,|w /c | =j-i} = #{j\#j = k,\wj\ =j-i}. 

As this number is if I > j and 5 k _ Q if I = j, we see that (M* 1 _^ w ^, . . . , A^* j) 
is really an exceptional sequence (it is also full, since it clearly generates the same 
triangulated subcategory as {O, ...,0(|w| — 1)}). Moreover, the above formula 
shows that, for general w, there do not exist integers ki (for — |w| < i < 0) such 
that (A^T 1 _i w iJfci_| w |], . . . , M' Q j{k Q ]) is also strong. Indeed, a necessary condition 
for the existence of such ki is clearly that \wj\ = \wj>\ implies #J = #</', and it 
is not difficult to prove that a necessary and sufficient condition is wq = • • • = w„ 
(in this case one can take ki — qi + a Ti , where i = qtwo — Ti with < < wo and 
ao, . . . , a Wo _i G Z arc arbitrary). 

Remark 2.5.13. Under the equivalence of categories mentioned in 12.2.71 the 
complexes Al* \ correspond to the .B-modules denoted by in AKO . 

2.6. Some computations of the minimal resolution 

The explicit computation of H^P.J 7 ' ® Mfa) or H l (f,T' ® J\ffc) is quite 
difficult in general. In the latter case, however, one can always reduce to consider 
a similar problem on the weighted projective space given by the weights Wj > 1, as 
we are going to see. 

Lemma 2.6.1. Let w — (wo, . . . ,w„) be such that w m+ i = • • • = w„ = 1 for 
some m < n and let w' := (wo, . . . , w m ). Then, denoting by i, : P(w') — > P(w) the 
closed immersion of graded schemes induced by the natural epimorphism of graded 
rings P(w) — > P(w'), \fj G Z there is an isomorphism of graded sheaves on P(w') 

^%w)W= <V)(*) ( " =r) - 
0<k<j 

Proof. Applying t* to the exact sequence 

d- j -' 2 

*£f 2 = ^(-KD-^/c^ 1 - e^ w) (-|w,|)-i^ -o 

#1=0+2 #^=J+1 
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and twisting by j gives the exact sequence 



ip: — t, " 



Since l*0 ¥(w) (1) - Op (w0 (0 V/ G Z, we have i*K,^ h {j) £* 0. 7 c {m+1 ,...,„ } ^ h (J), 
where 

^(j) := - #J - K|) S /C#^- h (j - #J). 

#i=j+h-#J 

As l*{xi) = for i > m, it is clear that the component of <p from A 2 (J) to ^4 1 (J') 
is if J =^ </' and can be identified with dz^~ 3 ,~ 2 „ ^ if J = J'. Therefore 

JC{m+l,...,ra} 

= nfeJ'Cj - #-0 = ^(woW^- 

JC{m+l,...,it} 0<fc<j 



□ 



Corollary 2.6.2. W^it/i i/ie same notation used in \2.6.1\ we have 



Wi e Z, VT* e 2T (Coh(P(w))) and for n - |w| = m - |w'| < j < 0. 



PROOF. Since i*^ (JF*) £ s Li*(.F») in L> b (Coh(P(w'))), by 

12.6.11 the resolution t*y of Ll*{T') only involves the sheaves of the form 

nj {w/) (i) for < j < m and ^ (w /)(0 for m - |w'| < Z < 0. As i*T {f) is clearly 
minimal with respect to each Of, w ,Jl), the result follows f rom 1 2 . 5 !%1 and l2~. 4 . 51 □ 

The following result (which will be used in chapter 3) shows that, up to twist, 
the Beilinson resolutions commute with taking the dual. 



Lemma 2.6.3. VT 7 * e £> b (Coh(P)) there are isomorphisms in C">(Coh(P)) 



X {T'Y{\ - |w|) S A" (i?H m F (^',0(l - |w|))), 



y {T'Y (n - |w|) S y (iiW m F (^*,0(n-|w|))). 



Proof. It is clear that A" (T*) v (l - |w|) ^ RHorrbf {f, 0(1 - |w|)) := Q % in 
D & (Coh(P)). Since C(j) v (1 - |w|) = C(l-|w|-j), #*(.F*) V (1- |w|) only involves 
sheaves of the form O(j) for — |w| < j < 0. As it is also clearly minimal, it must 
coincide with X (G°). Similarly, the statement about y follows from the fact that 
0{j) y {n- |w|) S 0(n- \w\-j) and fP(j) v (n- |w|) S - j). □ 

In the case of P™ it is known (see |AOj and |EFS| ) that in the Beilinson 
resolution with the fP (j) every component of the differential from D, 3 ' (j) to f2 J_1 (j — 
1) is given by the "natural" map. We are going to see that, in a weaker form, the 
same fact is true in the weighted case, as well. Fix < j < n: bv 12.3.61 there is a 
natural isomorphism 

HomQlnHwi.o^'O'X^O' " 1) ®k Pi) = PT ®k Pi = Hom K (P 1 ,P 1 ). 
Let's denote by v the morphism corresponding to idpj. 
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PROPOSITION 2.6.4. VT' € £> b (Coh(P)), Vi e Z and for < j < n the image 



in Horn 



Q]«-M, 



of the component 



f){T') : ® K H i+ *(F,F'(-j)) - W-^j - 1) ® K ^(P, JP'(1 - i)) 



o/d^j.,^.. can 6e identified with the natural map 



id0m 



fi^tf - 1) ®K Pi ®K #'' +J '(P, 



where to : Pi <g> K -ff i+J ; (P, -> H i+j (P, - j)) is the multiplication map: 



_PROOF. Given tp E H i+ i(F, = R i+] T{¥,T'(-j)) , by EXT] (since 

r(P, — (— i))o — Homs(0(j), — )) we can consider ip as a morphism from z— j] 

to .T 7 *. It follows from 12 . fT%l that there is a commutative diagram in Hohiq ]?i _ |w| . 

fifOdM— i— ill 

^'o-)®Kff°(p,o) = ^'(j) -^^^ — ^ ^(j-ij^Kf^op.oa)) 

&U) ®k ff i+J '(P,^*(-i)) fi^O' - 1) ®K ff i+ '(F,.F'(l - j)). 

It is then clear that it is enough to prove that fj{0{j)[—i — j]) = fJ {O{i)) = v - 
Let's assume for simplicity that Wj > 1 if and only if < i < to for some 
< to < n, so that H°(P, 0(1)) = Pi = (x m+ i, . . . , x n ). It is immediate to check 
that the maps 

g l : K l -\j) = P(j)d Xl -> ff'tf - 1) ® K Pi = ( © P(j - l)dar/) ®k Pi 

#J=l-i #-T=-i 

dx/^> 51 (-l) #{fceI|J:<i} ^J\{i}«>a;i 

define a morphism of complexes g' : K'(j)[—1] — > K'(j — 1). By definition of 
Ct J and fF -1 it is clear that restricting (<7*)~ yields a morphism of complexes 
(concentrated in positions between — j and 0) : 1A* — > V* (8k Pi, where 



W = 0-fi*(j)-fc~ J '(j) 



-d~ 3 



v^o^fF'- 1 ^-!)-*: 1 -^-!) 



"^•(j-l) 



d "' <J ' 1) ) k: (j-i)^o. 



As «• ~ O(j) and V = in L> 6 (Coh(P)), hy fOll MC{j)'[-l]) = W S O(j). 
Denoting by W* the minimal complex isomorphic to MC(^*[-1]) in i4T b (0), it 
is then easy to see that W l = for i < -j or i > 0, W - * = fi 3 '(j), W 1- - 7 ' = 
fF _1 (j — 1) ®k Pi © £ with £ € O [rz— | w| ,o] > that the component of d^j. from ^(j) 
to SP' -1 (j - 1) ®k Pi is given by and that W- 2 ~ j € ir 6 (0]„._| w | ;J _ 2 ]) (notice 
that ^ is surjective, so that no term of the form 0(j — 1) survives). Applying 



^Remember that, by II. 5. 1%1 Pi is naturally isomorphic to H (¥,O(l)). 
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y* to the distinguished triangle W <2 ~ J '[-1] -> W^ 2 " J W ->■ W <2 - j yields a 
distinguished triangle in if b (O] n _| w | [) 

For j - 1 < I < n and V« S Z, as 7J l (P, W m (-/)) = for m > 2 - j, bv l2"X7l 
we have fP(P, W- 2_: ' (— Z)) = 0, whence 3^ (W- 2- - 7 ) contains no term of the form 
for j — 1 < I < n. Since moreover W <2 ~i can be identified with y (W <2 ~ j ) 
and 5^(0(i)) with y(W), it follows that fj j {0{j)) is given by V -3 '. It is not 
difficult to check that its image in Homq ]n |w| 0[ is v. □ 

2.7. The theorem on P(w) 

From we can obtain also a weaker version of the theorem for Coh(P). 

Proposition 2.7.1. Each of the two sets of coherent sheaves on P 

{(D(j) | - |w| < j < 0}, {<D(j) | n - |w| < j < 0} U 1 < j < n} 

generates £> b (Coh(P)) as a triangulated category. 

Proof. Since — o : Coh(P) — > Coh(P) is exact and essentially surjective by 
11.4.131 Vg e Coh(P) there exists F € Coh(P) such that F = Q, and then ~X* {F) Q 
and y (J-')q are two resolutions of Q. The result follows, as ^(l)o = ^p(0 Vj, I € 
Z. □ 

Remark 2.7.2. It is clear that, as in l2.2.4l one can define functors 

F P : K b (M^ lwm ) D b (Coh(P)), G P : K 6 (M ]n _ W)0[ ) £ b (Coh(P)) 

and the above result implies that they are essentially surjective, but, of course, they 
are not fully faithful if w (1, . . . , 1). Indeed, even assuming w normalized, one 
still has 

H.om P {Syz j (l),Syz j '(l')) ^ Homr^O, ^'(0) 

(this can be proved as in l2.2.3l since the natural map P/ — > Homp(0(Z'), 0(1 + I')) 
is an isomorphism VI, I' G Z by |BJ lemma 4.1]), but (as we already observed in 
|Calj ) the vanishing result analogous to l2.2.2l is not true. 

Remark 2.7.3. In the notation of the above proof, X* and y* are 
resolutions of G, and they are minimal (at least assuming w normalized), but they 
are not unique in general. To see this, just observe that if w ^ (1, . . . , 1), there 
exists ^ T S Coh(P) such that = 0, and clearly x" + ^ y' ' {T) . 

On the other hand, there are at least two functorial choices for namely 
Q ®o r Cp and H.omp(Op, G), which don't coincide in general (anyway, they are at 
least both if Q = 0!). 

Remark 2.7.4. — o : Coh(P) — * Coh(P), being exact and essentially surjective, 
clearly induces a surjective morphism of Grothendieck groups Kq(P) -» Kq(P) 
(where, of course, Ko(V) is defined from Coh(P)). I2.2.4l easilv implies that Kq{P) = 
Z' w (a basis is given by the elements of O or of D), and it is proved in pQ that 
K (¥) ^Z n+1 . 
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We conclude by remarking that the two Beilinson-typc resolutions described 
in jCal] are both (non minimal) of the above forms. This is clear for the first one, 
whereas for the second one, the point is that the sheaves of logarithmic differentials 
introduced there actually decompose as direct sums of sheaves Op(j'). Indeed, in 
the notation of |Cal| . it is easy to see that if ^ I C {0, . . . , n}, there is an 
isomorphism of P-modules 

^ P (iogV)= PHw, 7 1) (*-#■'). 

Jn/=0 

It follows that if ^ x G there is an isomorphism of sheaves on P 

nj(io g ^)(i-|x|)= p (jHxMwj|)( # -*"). 

Jn/(x)=0 

Notice that ^-^j 1 ) > if and only if j + 1 - #J(x) < #J < j, and that in this 
case n — |w| <j— \x\ — |wj| < (since J n I(x) = 0)- Therefore the sheaves not of 
the form f2p(j) (for < j < n) which appear in the second resolution of [Call thm. 
4.1], all decompose as direct sums of sheaves of the form Op(j) for n — |w| < j < 0. 

2.8. Application: a splitting criterion 

Beilinson's theorem can be used to give a simple proof of Horrock's splitting 
criterion for vector bundles (or, more generally, torsion-free sheaves) on P™ (see 
[H] ). Here we will show that also this result can be easily extended to the weighted 
case. Of course, T £ Mod(P) will be called torsion-free if Vp £ P, given a £ 0p p 
and t £ J-" p , err = implies a = or r = 0. 

In the following we will assume that the dimension n of P = P(w) is > 0. 

Lemma 2.8.1. Let ^ T £ Coh(P) be a torsion-free sheaf. Then 3k £ Z such 
that /i (P,.F(fc)) ^ and h°(W,F{j)) = for j < k. 

PROOF. Since 3m £ Z such that /i°(P,J r (m)) ^ (because r(J r )~ = T ^ 
bv 11.5.131 and so T(T) ^ 0), it is enough to prove that h°^,T{j)) = for 
j « 0. Notice that if ^ a £ H°(¥, then Vi £ N multiplication by a 

induces an injective map H°(F, 0(i)) <-^> fl"°(P,J 7 (i + j)) (because T is torsion- 
free), whence h°(F, T{i + j)) > p;. Setting d := gcd(wo, . . . , w„), let c £ N be such 
that ft°(P,:F(j)) < c for < j < d. It is clear that there exists I £ N such that 
Pdl> > c if /' > /, and then h°(P, = if j < -dl. □ 

PROPOSITION 2.8.2. Let T £ Coh(P) be a torsion-free sheaf. Then T de- 
composes as a direct sum of line bundles 0(1) if and only if H l (¥, = for 
< i < n and Vj £ 7L. 

Proof. The other implication following immediately from II. 5. 141 we can as- 
sume that 7^ T £ Coh(P) is a torsion-free sheaf. By 12.8.11 3k £ Z such that 

/i°(P, T{k)) ^ and h°(¥, = for j < k, and we claim that ^(^(k)) = 
for i < 0. Indeed, by the choice of k it is clear that if i < and < j < n 
then H i+j (P,J r (k - j)) = 0. Moreover, for n - |w| < j < and Vrn £ Z we 
have fP(P,.F(fc) (g) A/7™0 = if i < -m, whence bv [2371 HUP. T ® Af') = 
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H l (F, T ® -M*)) = for i < 0, and the claim follows from I2.5!%1 Therefore there is 
an injective morphism of graded sheaves on P 

= W\ : T(k) ^ y(T(k)) = O ® K H°(¥, T{k)) © £. 

As ff°(P, £) = 0, we see that H°(F, <f>°) is an isomorphism, and then it is clear that 
there exists V : O <g) K ff°(P, J"(fc)) -> .F(fe) such that 0° o -0 = id, which implies 
that T ^ O(-fe) ®k #°(P, T{k))® T 1 . If J 7 ' 7^ 0, we can repeat the procedure with 
T' in place of T , and so on: we conclude in a finite number of steps because T is 
coherent. □ 

The above result can be formulated also for ordinary sheaves on P. Observe 
that if T £ Coh(P) is torsion-free, then £ Coh(P) is also torsion-free, but the 
converse is not true in general. On the other hand, we have the following result. 

Lemma 2.8.3. If Q £ Coh(P) is torsion-free, then T := Hom P (0 ¥ , Q) £ 
Coh(P) is torsion-free, too. 

PROOF. Given p £ P, let R := Of and M := Q v £ mod(i? ). We have 
to prove that if M is a torsion-free i?o _m odule, then, given / £ Hom^ (i?i,M) 
and r £ Rj (for some i,j £ Z), f(rRi-j) = implies / = or r = 0. Assume 
on the contrary / 7^ (say f(s) 7^ for some s £ R4) and r / 0. As R is a 
quasi-standard domain, 3t £ Rd invertible for some d > 0, and r d — r'P for some 
O^r'e R . Since f(rRi-j) = 0, we have also f{r d R^ dj ) = f{r'P Ri-dj) = 0, 
whence f(r'Ri) = (because P : Ri-dj —> -Rj)- In particular, = f(r's) = r'f(s), 
which implies r' = (whence r = 0) or /(s) = 0, a contradiction. □ 

Corollary 2.8.4. Let Q £ Coh(P) be a torsion-free sheaf. Then Q de- 
composes as a direct sum of sheaves of the form 0(1) (I £ 1) if and only if 
H l {V,Hom P {0{j),g)) = for < i < n andVj £ Z. 

Proof. Assume first that Q = m Op(m) am and notice that Vj, I £ Z 3k £ Z 
such that Hom P (0(j),0(l)) ^ 0{k) (see the proof of lSXIfl . Then the required 
vanishing result follows from the fact that if 4 (P, O(k)) — for < i < n. 

Conversely, let T := Hom v {0 ¥ , Q) £ Coh(P): then bv ll.4.15l we have 

H\¥,T(j)) S H l (¥,T 3 ) £* W(P,Hom P (0(-j),G)) = 
for < i < n and Vj £ Z. As J 7 is torsion-free bv 12.8.31 it follows from 12. 8^2*1 that 
^ = 0m Ow( m ) am . whence G = = m P (m) a ™ . □ 

Remark 2.8.5. If P = P'\ this result is a particular case of the equivalence 
(described in |Wj ) between the stable category of vector bundles on P™ and a 
suitable subcategory of D b (Mod(P)). We believe that also this more general result 
can be extended to the (graded) weighted case. 



CHAPTER 3 



The theorem on weighted canonical projections 

In this chapter we prove the main result of this paper, namely an extension 
to the (graded) weighted case of the theorem by Catanese and Schreyer on good 
birational canonical projections of surfaces of general type proved in (CS (where 
the case, which we will not consider, of good projections of degree 2 is also treated). 

We will work over a fixed algebraically closed field K of characteristic ^ 2. 1 
Using standard notation, if So is a minimal surface of general type, Ks will denote 
a canonical divisor on So and ivs ■= Os (Ks ) = f2| the dualizing sheaf. We recall 
that the basic numerical invariants of So are: 

the geometric genus p g (S ) := h a (S ,u! So ) = h 2 (S ,0 So ); 

the irregularity q(S ) := /i x (So,Os ) = ^(So^So); 

the self-intersection of the canonical divisor K 2 . 

So 

So being of general type, the plurigenera /i°(So,Wg l ) (for m > 1) are given by 

X(0s ) + ^^Kl (where X (0 So ) := X (So,Os ) = f+Pgi^o) - ?(S )). Thus all 
the cohomology groups of all the powers of u>s are completely determined by p g (So ) , 
g(S ) and Kf o : indeed, we have also ff°(S ,wgJ) = if m < 0, ff^So,^) = 
if to ^ 0,1 and, by Serre duality, H 2 (S ,lo^ o ) H°{S , Wg'T Vm G Z. Notice 

that, in particular, x(So,^s ) = x(Os ) + K l Vm e Z - 

After extending in a natural way the notion of weighted canonical projection 
to the graded setting, we will show that the datum of a good birational weighted 
canonical projection <f> : S — > Y C P (where S is the standard graded scheme 
So(^So) an d P = P(w) is a 3-dimensional weighted projective space) is equivalent 
to the datum of a symmetric minimal morphism a : (O © £) v ( — 1 — \w\) —> O (B £ of 
vector bundles on P, satisfying some conditions, which are just the graded weighted 
versions of those appearing in the theorem by Catanese and Schreyer described in 
the introduction. 

To this purpose, we first prove that for every good weighted canonical projection 
<j) : S — » Y C P there exists a short exact sequence in Coh(P) 



-> (O © £) v (-l - |w|) i U O © £ -> 0*O S -> 0, 

where £ = £(<fi) is a direct sum of vector bundles of the form fi J (j — 2) for j = 
0, 1,2 and 0(j — 2) for 3 — |w| < j < 0, and a is a minimal (in the sense of 
12.3. 2|) but possibly not symmetric morphism. This is obtained as follows: setting 
T := (0*Os)(2), the Beilinson resolution y (J 7 ) provided bv 12.5.81 turns out to 

^This assumption is needed both in the proof of I3.3.5( and for some standard results about 
pluricanonical maps of surfaces of general type, which arc well known in characteristic (see e.g. 
IBP VI ) and whose proofs can be found in lEkl in the case of positive characteristic. 
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be a symmetric complex, which however is not yet the one we are looking for. 
Indeed, the most delicate point is to prove that y (T) is quasi-isomorphic to a 
length 1 complex, which (twisted by 0{— 2)) yields the wanted exact sequence. 
For this we use the functoriality of the Beilinson resolution, applied to the natural 
morphism 0(2) — ► T: here difficulties come from the fact that in general y (0(2)) 
is not a subcomplex of y (T) (as it is if w = (1, 1, 1, 1) and deg(Y ) > 2). Anyway, 
eventually we manage (again, under the mild assumption deg(Yo) > 2) to determine 
the explicit form of the vector bundle £, in which the coefficients of the J (j — 2) 
depend only on p g (So), q(Sa), Kg o and w (the examples of chapter 4 will show that 
instead the complicated expressions we get for the coefficients of the 0(j — 2) really 
depend on cj>). 

We also prove that an exact sequence as above is unique up to isomorphism, 
and this fact implies that a can be chosen to be symmetric, provided <f> is birational. 
Then, as in the case of projections to P 3 , the main result needed to complete the 
proof of the theorem is that the rank condition I r M£)(ot) = 2" r k(£) (oO is satisfied if 
and only if cokera is a graded sheaf of commutative 0Y _ algebras. 

3.1. Weighted canonical projections 

Let So be a minimal surface of general type. The canonical ring of So is the 
positively graded ring 

ft = ft(So,c So ):=0ff o (So,<). 

It is well known that 1Z is a noetherian domain, so that 1Z G PRing. The canonical 
model of So is Xo := ProjT?.. Xo is a surface with only rational double points as 
singularities and there is a natural birational morphism ttq : So — > Xo, which 
contracts (— 2)-curves (i.e. curves C = P 1 with C 2 = —2, CKs — 0). uix — 
0x o (l) is an ample invertible sheaf (Xo is Gorenstein), and there are isomorphisms 
Vra G Z: 

_*, ,771 r^j , ,771 , ,7n rv , ,771 

^0 W X = W S > ^0 * W So = W Xo ■ 

The singularities of Xo being rational means that i? 1 7To >t (0s o ) = 0, and this implies 

that^So.wSJJS^Xo.c^jVmeZ. 

Let S be the standard graded scheme So(ws ) (i.e. S has the same topological 
space as So and 0s = ©dgz^So) anc ^ ^ X := ProjT?.. Although 1Z is usually not 
generated by IZi as an TZo = K-algebra, we have the following result. 

Lemma 3.1.1. X is a standard graded scheme. 

Proof. Since the linear system \mKx 1 is base point free for m >> (m > 4), 
Vp G X = ProjT?. there exist s £ lZ m \ p and t G TZ m +i \ p for some m. Then 
t/s G {7Zp)i is an invertible element, i.e. 7Z p is standard. □ 

By 11.4.91 the natural isomorphism ttqlox — ujs induces an extension of ttq to 
a morphism of graded schemes ir : S — > X such that 7r# is an isomorphism. Notice 
moreover that, since uix — 0y o (1), 13.1.11 and ll.5.21l implv that also ujx — 0x(l); 
by definition of S it is also clear that wg = 0g(l). 

Let w G N™ +1 for some n > 0. Bv ll.5.8l the choice of sections 

a, G H°(S, s ( Wi )) = H°(S , w^) i = 0, . . . ,n 
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determines a rational map : S —■* P(w) (and also 0o : So P(w)), called a 
weighted canonical projection. always factors through 7r : S — > X, i.e. = ?/> o tt 
(and 0o = "00 ° 7To)i where the rational map ip : X — > P(w) is the one induced by 
the morphism of graded rings 

q : P(w) -> ft 

determined by the chosen sections. 

Definition 3.1.2. A weighted canonical projection (or 0o) is called good if 
it is a morphism; it is called birational if it is birational onto the image. 

Remark 3.1.3. 0o is good if and only if is good if and only if ip (and ipo) is 
a morphism. By II. 5. 1^1 this happens if and only if g is a finite morphism, and in 
this case ip & n d ipo are &lso finite. 

Remark 3.1.4. (respectively 0o) is good birational if and only if ip (respec- 
tively ^o) is a morphism which is birational onto the image. This happens if and 
only if g is finite and 3p E ph° m such that p £ ker g and g v : P p — > ftp (respectively 
i0( p n : P( p ) — > ft( p )) is surjective. It is thus clear that if is good birational, then 
0o is good birational, too, but the converse is not true in general fsee 13.3. 2*}l . 

Remark 3.1.5. If 0o is good birational, then 0o is the normalization morphism 
(because it is finite and birational and Xo is normal). 

Keeping the notation introduced so far, from now on we will assume that : 
S — > P = P(w) is a good weighted canonical projection with w S (i.e. n = 
dimP = 3). We will denote by Y (respectively Yo) the image of in P (respectively 
of 0o in P). As Y is a hypersurface in P, we have Y = ProjP/(f) (and Yo = 
ProjP/(f)), where f 6 P = P(w) is a homogeneous irreducible polynomial which 
generates ker g? 

Now we are going to prove a result on relative duality for the morphism %p : 
X — > P, which will be needed to obtain a symmetric resolution of 0>*0x — 0*Cs- 
For later use, we will prove it under more general hypotheses. So, let 7 : Z — > P 
be a finite morphism, where Z is a (necessarily quasi-standard by ll.4.6f) graded 

scheme with Zq of dimension 2. 3 Vi £ N let £ 1 :— £xtf(j*Oz, ute), and observe that 
£ l £ Coh(P) bv ll.3.1^1 (~i*Qy is coherent because 7 is a finite morphism). 

Lemma 3.1.6. If H 3 - l (Z,O z (j)) = for j « 0, then S i = 0. In particular, 
£° = 0. 

Proof. As £ % = T(£ 2 )~ bv ll. 5.131 in order to prove that £ l = it is enough 
to show that H°(f, £ f (d)) = for d » 0. Bv ll.5.17I Vi E Z 3m E N such that 

ff°(P,£ l (d)) S Extl( 7 *O z ,c^(d)) £* E34(7*O z (-d),wp-) 

Vd > rn. By Serre duality and since 7 is an affine morphism we have 

Ext^Ozi-d),^) S H 3 - i (P, 7 *O z (-d)) v = H 3 - l (Z,Oz(-d)y, 

It is easy to see that deg(f) = n?=o w 0/ deg(0o)' 
^Actually, with obvious modifications, everything holds for arbitrary dimensions of Z and P. 
Indeed, the proofs of the following results are essentially a rewriting of those of IH1I III, lemma 
7.3, lemma 7.4, prop. 7.5], where it is proved that every closed subschcmc of P n has a dualizing 
sheaf. 
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and everything follows. □ 

As clearly £ 1 E Coh(P) n Mod^Oz), by 11.3.161 there exists unique (up to 
isomorphism) T> 6 Coh(Z) such that £ x = 7*1?. 

Lemma 3.1.7. yj- G Coh(Z) there is a functorial isomorphism 

Hom z (J r ,X>) = Extp(7*^ r , 

PROOF. MQ e Qcoh(P) let j ] Q S Qcoh(Z) be the graded sheaf (which exists 
unique up to isomorphism bv ll.3.16^ such that 7*7'^ = Hom^(j^O z , Q)- It is easy 
to see that y : Qcoh(P) -> Qcoh(Z) is right adjoint of 7* : Qcoh(Z) — > Qcoh(P). 

Taking an injective resolution I* of o>p in Qcoh(P), we have natural isomor- 
phisms 

\/i e N. In particular, it follows from l3~T"o1 that H°(rJ') = 0. Since moreover 7'X 5 
is injective in Qcoh(Z) (Hom-Q^ (z) (-, = HohIq^^ (7* - , V ) is exact 

because composition of two exact functors), 7' I* splits as J' © C* with C* exact 
and 3® = 0. Therefore 

7*£> Si * ^H\rl') Si 7*if 1 (J*), 

whence I? = H 1 ^') = kerdj. bv ll.3.lfil We have then natural isomorphisms 

Hom z (J,I>) =kerHom z (^, d^.) = ff 1 (Hom^(JF, J"")) S 

= ^(Homz^Vl*)) = J ff 1 (Hom F (7^,X')) = Ext F ( 7 *.f> F ). 

□ 

PROPOSITION 3.1.8. Let 7 : Z — * P be a finite morphism of graded schemes with 
Zq of dimension 2. Then Z has a dualizing sheaf uj z and "f*LUz — f a;%(7*Oz, Wp). 

PROOF. Using lXTTI Serre duality on P and the fact that 7 is a finite morphism, 
we see that VJ 7 € Coh(Z) there are natural isomorphisms 

Rom z (F,V) = Ext F (7^,wp) Si H 2 {P,^T) V S H 2 (Z,F) V . 
Then T> = luz by definition of dualizing sheaf, whence j*u>z = £xtf(j^,Oz, O 



3.2. Construction of the resolution 

Keeping the notation introduced so far, in this section we set T :— (V>*0x)(2) — 
?A*(Ox(2)) € Coh(P) (the twist is necessary in order to have a symmetric Beilinson 
resolution) . 

Lemma 3.2.1. RHom^{T, 0(3 - |w|)) Si JF[-1] in D 6 (Coh(P)). More explic- 
itly, 

£^ f (^,O f (3-|w|)) = r ^ = ). 
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Proof. As # 3 -*(X,0x(j)) - ^ 3_1 ( x o,^x ) = for j < if i ^ 1, by EH 
and lTT^l ^^.F. F (3 - \w\)) =Irtf{^O x ,uJp){l) = if i ^ 1, and hv l3~1~31 

Sxt^iJ 7 , ¥ (3 - |w|)) = £xtp(ip*Ox, — ^*wx(l) — -T 7 - 

□ 

Let := 3^(^) and, for 3 - |w| < j < and Vi G Z let yj := (P, J 7 ® A/^ ) 
be the coefficient of O(j) in . 

Lemma 3.2.2. (y") v (3-|w|) = y'[-l] in C b (Coh(¥)) . Moreover, for 3- |w| < 
j < we have y l j — i/ i > or i < — 1 and y^< w ij = Vj '■= Dj- 

PROOF. Bv l33T1 and l21)T5l fyV(3- |w|) = y*[-l] in C b fCohfP')). Therefore 
y'j = Us-\w\-j ^ or l w l < J < an( i ^ ^ ^7 so that it remains to prove that z/j = 
if i > 0. Taking into account that IP(P, ^"(/)) = H l (X , w^ 2 ), it is immediate to 
check that H l (P, J 7 © A/7S ) = for 3 - |w| < j < and for i > -m. The result 
then follows from 12. 5771 □ 

Bv l2.5.8l y has therefore the following form: 

0(3 - \w\) x(0s o }+K s o x( ° s ° )+Ki o 

-» fi 2 (2) -» ©fi 2 (2) < ?( S ») © nl(l)P«(So) -» ©fi 1 (l)9(So) e fi 2(2)P 3 (Sa) _^ fil(l) 0. 
03-|w|<i<O 0(j)y°-M-t 3 -|w|<i<O ° W J 

Lemma 3.2.3. Here we don't assume that the dimension n o/P(w) is 3. T/ie 
Beilinson resolution y (0(2)) zs given by the following complex 

O-fi^-n^l)* our^^o^ 0(j) z °^O, 

n— |w|<j<0 n— \w\<j<0 

where zj 1 = < i' | Wj, > 1, Wj + = 2 — j} and zj 1 = #{i | Wj = 2 — j}. 

Proof. Bv l2.5.8l the only non trivial part is to show that /i* (P(w) , A//*n (2) ) — zj 

for n — |w| < j < and Vi G Z (where zj := if i ^ 0, 1). We can assume 
that there exists m < n such that w, = 1 if and only if j > to. Then, setting 
w' := (w , . . . , w m ), byEUwe have /i i (P(w),AA ( * ) (2)) = ^(P(w'), AA ( ' } (2)) (since 
Lt*O f(w) (2) = i*C F(w) (2) S O f(w/) (2)). The complex on P(w') (obtained truncat- 
ing JCfo (2) [-1]) 

-> n 2 (2) -> /C- 2 (2) S!®0(2-wi- w<0 - /C- x (2) = 0(2 - w'J -> 

is a minimal resolution of 0f( w /)(2) and is in (7 (0] m _| w /| [)- Therefore, by the 
uniqueness of the minimal Beilinson resolution, it must coincide with y (0f( w ,j (2)). 
ft follows that /i l (P(w'),A' ( ' ) (2)) = zj. □ 

Lemma 3.2.4. For 3 — |w| < j < i/ie natural map 
H- 1 (F,^*(2)^M' j} ) : i/- 1 (P,AA' ) (2)) 2 -> ^(P, .F © A"*)) S K»»-lwl-i 
zs infective. 
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Proof. Let A* := MC(^*(2)): then there is an exact sequence 

... H- 2 (f,A' -> H- 1 (P,AA ( ' ) (2)) - ff- 1 ^,^®^) - .. ■ , 

so that it is enough to prove that H~ 2 (P,A* <H)M*0 = for 3 - |w| < j < 0. By 
12X71 this will follow if we show that H^.A' <g> A/"™) = for i < -1 - m and 
Vrn G Z. By the exact sequence 

H l (P, T ® A/$ ) -> H l (P, A' ® VV$ ) -> (P, VV$ (2)) (P, T ® Affy ) 

this is a consequence of the fact that H i (f,J r ^J\fr^) = and H l+1 (P, ^ # (2)®J\/ft) 
is injective Vm S Z and Vi < — 1 — m (this last fact is straightforward to check, if 
one remembers that iP(P,.F(;)) ^ if (X , lu^ 2 ) , taking into account 12. 5. 4|l . □ 

Let Z* be the exact complex 
-» f! 2 (2) -» ^(lf 1 0(j)^ rl -> P2 0(j) z ? -» 0(2) -» 

3-|w|<j<0 3-|w|<j'<0 

obtained by adding 0(2) to its left resolution 3?" (0(2)) (with Z 1 = 0(2)). The 
morphism y (0#(2)) : y (0(2)) — ► = (J 7 ) extends naturally to a morphism 
: Z # -> 3>* in Jf fc (Coh(P)) (observe that 

Hom^Z 1 ,^ 1 ) = Hom F (0(2),fi 1 (l)) S H°(¥, fl^-l)) = 

bv l2.1.7|l . We will moreover denote by Z* the (exact) complex (Z*) v (3 — |w|) and 
by ip* the morphism 

<? := (^) v (3 - |w|) : y"[-l] - (3?") v (3 - |w|) -> Z' 



iniv b (Coh(P). Notice that Z' 1 = 0(1 -|w|) and rbv l2~THl) Z^° = V (0(1- |w|)), 
which is therefore given by 

0(3 -MF 2 ^(2)^^ 
Lemma 3.2.5. Hom^^^^Z', Z*[l]) = 0. 

PROOF. Let d' := d* z ., d' := dg.,^, and assume that a' : Z* — > Z*[l] 

o ► z- 2 = n 2 (2) z- 1 z° — ^ 0(2) ^z 1 ► 

o ► z- 1 = 0(1 - |w|) z° z 1 — n x (i) = z 2 ► 

is a morphism of complexes. Since Homp(0(2), S7 1 (1)) = 0, we have a 1 — 0, and, 
by duality, also a -2 = 0. Therefore a -1 o d~ 2 = 0, and so a -1 factors through 
imd- 1 = kerd . As Exti(0(2), Z°) = ff^P, Z°(-2)) = bv ll.5.l4l it follows that 
a -1 actually factors through d^ 1 , say oT 1 — Pod -1 for some (3 : Z° — » Z°. Setting 
7 := a — o /3, we have 7 o d -1 = 0, which implies that 7 = j3' o c?° for some 
/?' : 0(2) -> Z 1 . As Homp(0(2),Z 1 ) ff°(P,Z 1 (-2)) = bv 12X71 we see that 
a = d^ 1 o /?, and this proves that a* is homotopic to zero. □ 
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Consider the distinguished triangle of AT b (Coh(P)) 

y"[_l] ^ i- l^X MC(<p') y' ™> Z-[l]. 

As Z' in L> b (Coh(P)), bv lA.2.11 is a n isom orphism in L> 6 (Coh(P)). 

Moreover, (p* [1] o <p* = bv !3.2.5l so that, again bv lA.2.ll ip' = p(<p') ° rf for some 
rf :Z m -> MC{(p') in # 6 (Coh(P)). Again because Z* = in D b (Coh(P)), we see 
that [i(?7*)] : MC((p') — » MC(ry") is an isomorphism, i.e. there are isomorphisms 
in Z) fc (Coh(P)) 

MC(i)') £ MC(^) Sf. 

PROPOSITION 3.2.6. In ifte notation introduced so far, let W G K b (0) be the 
minimal complex isomorphic to MC(rf) (W* exists unique up to isomorphism in 
C b (6) by \gj!\j) . Then W = T in L> b (Coh(P)) and, assuming that deg(f) > 2, 
we have W = if i ^ -1,0, W" 1 (W°) v (3- |w|) and 

W° = 0(2) 8 Ox(Os )+^ s 2 -P2 e Qi^jgCSo) n 2^p s (So)- Pl 0y)Ci(<A) ; 

3~|w|<j<0 

tuftere Cj(^) := yj — — z^li w i_j + fcj + &3_| w |_j and f/or 3 — |w| < / < Oj 
fc; := dimjc ker H°(W, tp^(2) ® -A/m), except that — 1 must be added to the above 
formula for Cj(<p) if |w| = 2w, — 1 (for some < i < 3j, j = 2 — Wi, kj = 1 and 
£*[l]o^* ^0G b (6). 4 

Proof. By definition of mapping cone the complex V* := MC(rf ) is given by 

q ^ z~ 2 ^y~ 2 &Z- 1 ^y^ 1 &Z- 1 ®z° ®z° ®z l ®z l -> i 2 -> o 

(with V- 3 = Z~ 2 and V 2 = Z 2 ). Observe that V G C b (6 {1 _| wh2}u]3 _| wh0[ ) and 
that V is already minimal with respect to 0(2) and 0(1 - |w|) = 0(2) v (3 - |w|) 
(because they appear, respectively, only in V° and V -1 , both with coefficient 1). As 
for0, we have only 0® K ff°(P, 0(2)) C Z° C V" 1 and ® K H° (P, T) cjV V°, 
and the map between them, being the restriction of rp (which, by definition of n, 
is the same as the restriction of <p ), is just ido <8> i? (P, ip#(2)). As deg(f) > 2, 
this last map is injective, and so only survives in W° with coefficient /i°(P, J 7 ) — 
h°(P, 0(2)) = x(0So) + K s„ _ P2- Now we consider ^(l): we have 

n x (i) ®k h°(p, 0(i)) c z- 1 c V" 2 , 

^(l) ® K ff°(P, .F(-l)) c c V~\ 

n x (i) ® K f^p, j-(-i)) c y c V°, 

n x (i) ® K i/ 3 (P,0(-|w|)) = n^i) ® K h°(p, 0) v c z 2 = v 2 . 

The only non trivial maps between them in Hoiiiq are the restriction of rf~ x (which 
is the same as the restriction of tp _1 ) between the first two terms and the restriction 
of ip 2 — (<^~ 2 ) v (3 — |w|) between the last two terms. The former is id^im <g> 
iJ°(P, V # (l)) (which is injective) and the latter is id n i (1) <g> H°(¥,ip*) v (which 
is an isomorphism). It follows that f7 1 ( 1 ) only survives in W° with coefficient 

4 With these assumptions, <p° [1] o ip* 6 C*(0) only depends on the homotopy equivalence 
class of ip'. We don't know if it can actually happen that it is not 0. 
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^(Pj^-l)) = q(S ) and in W" 1 with coefficient h°(F, .F(-l)) - /i°(P,0(l)) = 
Pg(S ) - pi (notice that (0 1 (1)^( s °)-p i ) v (3 - |w|) = ft 2 ^)^^"? 1 , the expected 
term in W ). In a completely similar way (or by symmetry, see I3.2.7jl one can 
proceed in the case of f2 2 (2) and 0(3 — |w|). 

It remains to consider the case of O(j) for 3 — |w| < j < 0. Vi G Z we have 
®K V, 1 C V 4 , where 

F- 2 = i/- 1 (P,AA' ) (2)), 
V 1 = H - 1 (P, J - <g) 7V ( * j ) 9 H (P, A/J.) (2) ) , 

^ 1 = J ff- 1 (P,AA ( - 3 _ w _ i) (2)) v 

and = if i < -2 or i > 1. Setting 

h) := H i (^^*{2)®M' {j) ) : ^(1^(2)) - H*(¥,T®M^) 

and remembering that H i (P, T ® A/",V ) = i?~ 1_ *(P,^ ® Afc.,.) 7 , it is clear 
that the maps from O(j) ®k V? to O(j) <8>k are given by ido^) ® dj, where 

for some 5 : ff°(P,A/' ( ' ) (2)) -> ff°(P, A/f 3 _|w|-i)( 2 )) V (observe that d) +1 o dj = 
because V* is a complex and every morphism O(j) — > £ — > O(j) is by 12.3.41 if 
£ = fi 3 ' (j') or £ = 0(1) for some Z ^ j). Let's denote by c* the coefficient of C(j) 
in W l . As ft,^ 1 is injective bv 13.2.41 ( whence also (/i^_i w i_ j -) V is surjective), we see 
that cj = if i < — 1 or i > 0. Then by symmetry (see l3.2.7|l it is enough to show 
that c° = Cj((f>). Let's assume first that g = 0: in this case we have 

= dimKkerd^/imd" 1 = dimV^° — dim Vj — dimim/i^ — dimim/i3_i w i_^ = 

= V] + z 3-\w\-j - Z 3-\w\-j - ('4 - k i) - ( Z 3-|w|-j - h-\w\-j) = Cj(4>). 

Suppose now that g ^ 0: we must have, in particular, h°(F, Af'^(2)) = z® and 
/i°(P,A/ r ( 3_| w |_ J . ) (2)) = z°-|w|-j ^ °- Assuming for simplicity w < wi < w 2 < w 3 , 
bv !3.2.3l this happens if and only if |w| = 2w 3 — 1 (i.e. w 3 = wo + wi + w 2 + 1) and 
j = 2 — w 3 (notice that then j = 3 — |w| — j), in which case ^2-w 3 = 1 (whence 
/c 2 - W3 can only be or 1). If fc2-w 3 = (so that /i 2 - W 3 i s injective and (/i2-w 3 ) V 
is surjective), it is clear that iradj 1 (and of course also herd®) doesn't depend on 
g; therefore also in this case c° = Cj((p). On the other hand, if fc2-w 3 = 1 (i-e. 
^2-w 3 = 0)' dimKimd" 1 increases by 1 (with respect to the case 5 = 0). 

Thus, to conclude we have only to show that (under the hypothesis |w| = 2w 3 — 1 
and h%_ W3 = 0) g = if and only if <p m [l] o ip' = E C b {&). Now, again by 
13.2.31 it is clear that the restriction £ of dy] from Z° to Z° is just ide>( 2 _ W3 ) ® 
<?, whence g = if and only if £ = 0. Denoting by d* the differential of Z*, 
the fact that Hom| f (Z 1 ,Z ) = implies that £ = if and only if £ o = 0. 
Moreover, by definition of mapping cone £ is also the component of rf from Z° 
to Z°, and the condition that r\ is a morphism of complexes easily implies (since 
Homp(Z _1 , Z _1 ) = 0) that £ o d^ 1 = (p° o ip -1 . Then it is enough to observe that 
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if this last term is 0, also (p 1 o ip° = (<p° o ip 1 ) v (3 — |w|) = 0, so that </5*[l] otp' = 
(in any case (p 1+1 o ip 1 = if i ^ — 1, 0). □ 

Remark 3.2.7. A minimal complex £' € C b (O{ 1 _| w |. 2 }u]3-|w|.0[) with £' = 
for i ^ —1,0 and quasi-isomorphic to T is unique up to isomorphism in C h (Coh(P)) 
(hence it must coincide with the complex W* defined in I3.2.6[l . Indeed, if M* is 
another complex with the same properties, since Extp-(£°, Ai^ 1 ) = (as it is easy 
to check), bv I A . 3 . 4l and I A . 5~3l there are natural isomorphisms 

Rom ¥ {F,F) " Hom Db( ^ K( p )) (£ , ,7W) S Hom^^^r , M'). 

It follows that C* =M' in K b (Coh(¥)), whence also in C b (Coh(P)) by 12X31 

Moreover, it is clear a priori that C must satisfy C^ 1 = £°(3 — |w|): applying 
Horrip(—, 0(3 — |w|)) to the exact sequence — > C^ 1 — > £° — * J 7 — * 0, bv l3.2.1l wc 
obtain the exact sequence 

-► (£°) v (3 - |w|) -» (£- 1 ) v (3 - |w|) -» 5Hp(^,0(3 - |w|)) = 0. 
Then the result follows from the uniqueness proved above. 

3.3. Symmetric resolution 

Definition 3.3.1. If <fi : S — > P is a good weighted canonical projection, let 
£((j>) be the vector bundle on P defined by 

£(4>) := 0(-2) x(0s » )+i< " s2 o- p2 ©fi 1 (-l)^ So )©(fi 2 )^( So )-P 1 0(j-2) c ^'W), 

3-|w|<j<0 

with Cj(0) defined as in 13.2.61 

If 4> : S — > P is a good weighted canonical projection and deg(f) > 2, it follows 
from 13. 2 1)1 that there is an exact sequence on P 

(3.3.1) -» (O © £(^)) v (-l - |w|) A O © £(</>) -► 0*O S = ^>*Ox -» 0, 

where a is a minimal morphism. 

From now on we will assume that is good birational (this implies that deg(f) > 
2, as it is easy to see). We are going to prove that, with this hypothesis, also a in 
(|3.3.1|l can be taken to be symmetric (i.e., a = a y ( — 1 — |w|)). 

Lemma 3.3.2. ip is good birational if and only if gcd(wo, Wi, W2, W3) = 1 and 
4>q is good birational. 

Proof. First observe that, since S is standard, given s E S, <fif : OyMs) — * 
Os, s is an isomorphism if and only if (4>q) s = {<fif)o is an isomorphism and (f>(s) is 
standard. Therefore it is enough to prove that the (open) set V of standard points 
of Y is empty if and only if d := gcd(w , wi, w 2 , w 3 ) ^ 1. Bv 11.4.61 V = U n Y, 
where U denotes the set of standard points of P. Moreover, by 11.5.61 U = if 
d 7^ 1, whereas P \ U C V((xoxiX2X3)) if d = 1. To conclude, just notice that, if 
00 is birational, then Y ^ V((xoxiX2a;3)) (otherwise Yo would be isomorphic to a 
2-dimensional weighted projective space, which is a rational surface). □ 

Lemma 3.3.3. det(a) = Af for some A e IK*. 

PROOF. Similar to that of |UT1 lemma 2.11], □ 
Lemma 3.3.4. B,omp(ip*Ox,ip*Ox) = K. 
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PROOF. Since V*Cx = 72. rop , Hom F (7^ p ,^ p ) = Hom P (ft, T(R.~ P )) (by 
11.5. 13|) and T(Jl~ p ) = K (Vm G Z the natural map 

7e m -» r(^ p ) m = tf°(P,7^ p (m)) = ff°(X,O x (m)) £* JJ°(Xo,w£) 

is an isomorphism), it is enough to prove that Homp(7?., 1Z) = K. 

Given p G Homp(7\L, 7£), let A := G 7^o — K. As V is birational, bv 13.1.41 
3p G ph° m such that p ^ ker p and g p : P p — > 7\Lj, is surjective. This means that 
Vr E 7Z we can find m € N and p'gP such that p m r — g(p'). Therefore 

p m p{r) = p(p m r) = <^(p')) = Xg{p')=p m Xr. 

As 72. is a domain and g(p) ^ 0, this implies that <p{r) = Xr, whence ip = Aid-R.. □ 

Proposition 3.3.5. If (j) is a good birational weighted canonical projection, 
then there exists an exact sequence on P 

(O © f (0)) v (-l - |w|) ^Offi £ (0) -> 0,O a = ^*Ox 0, 
where a is a minimal morphism and a — a v (—1 ~ |w|). 

PROOF. Denoting £(0) by .A, v (-l - |w|) by * and C(-l - |w|)) 

by E, we already know that there is an exact sequence 

-> A* A A ^ 4>*O s -> 
with /3 minimal. Applying Homp(— , 0(— 1 — |w|)) we obtain the exact sequence 

and applying it once more we have also the exact sequence 

i)^A*^A^ E(E(4>*O s )) -> 

(since ** is naturally isomorphic to id). Notice that there exists a unique isomor- 
phism l : 0*0s — > E(E((j>*Os)) such that n" = l o n. Choosing an isomorphism 
e : (j>*Os — ► £((^,Os), we know from l3~?"?l that there exists (unique up to homo- 
topy) an isomorphism of complexes 

► A* — ^— » A — ^ 0»O S ► 

1" ^ V 

► A* A E((f>*O s ) ► 0. 

Applying Hoirip(— , C(— 1 — |w|)) to the above diagram yields the commutative 
diagram 

► A* — > A — 2— > 0*O S ► 

If* >J* -E(e)o t 

► A* — A E{<p,O s ) ► 0, 

and applying it once more we obtain the commutative diagram 

► A* — ^— > A — ^— ► 0*0 S * 

► A* — A — ^ E(<f>*O s ) ► 0. 



E(E(e)ot.)oL 
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It follows that E(E(e) oi)ot = e. On the other hand, bv 13.3.41 E(e) o i = Ae for 
some A € K. Therefore, as .E is K-linear, 

e = £(£(e) ot)ot= J5(Ae) o i = A£(e) o t = A 2 e, 

whence A = ±1. Moreover, since (77, £, e) and (£*,77*,Ae) are morphisms between 
the same complexes, so is also 

(r7 + A£*,£ + A?f,e + A 2 e = 2e). 

As 2e is an isomorphism (here we are using the fact that the characteristic of K 
is not 2), this morphism is actually an isomorphism bv 13.2.71 This implies that 
a := (£ + \rf) o /3 is injective and satisfies cokera = coker/3, so that there is an 
exact sequence 

Bv l2.3.8l it is also clear that a is minimal. Moreover (using the above commutative 
diagrams) we have 

a* = [(£ + A77*) o 0]* = (3* o (£ + A77*)* = /3* o + A/3* o 77 = 77* o /? + A£ o /? = Aa. 

Bv 13.3.31 it cannot happen that A = — 1 (otherwise det(a) would be a square), i.e. 
a* = a. □ 

The following result will be used only in chapter 4. 

COROLLARY 3.3.6. Let <fi : S — > P be a good birational weighted canonical 
projection and assume that 7 : A :— O © £(<fi) ~ > 0*Cs * s a morphism such that 
_ff 1 (P, 7(1)) and i?°(P, 7(7)) Vi G Z are surjective (this implies that p g (So) — pi). 
TTien 

(1) 7 is surjective and ker7 = ^4 V (— 1 — |w|); 

(2) if/3 : „4 v (-l-|w|) ^ A is a morphism such thatjo/3 = and H°(F, (3(i)) 

is injective Vz € Z 7 then the sequence 
is exact. 

(3) if — > ^4 V (— 1 — |w|) — ► .4 — ► </>*Os — > is an eiaci sequence, then 
there exists an isomorphism 6 : A y (— 1 — |w|) — > ^4 V (— 1 — |w|) sitc/i i/iai 
a := /3 o S is symmetric (a — a v (— 1 — |w|) J and the sequence 

A y (-l - |w|) ^A^ ^O s -» 

is also exact. 

Proof. 7 is surjective because 7 = r(7)~ bv II. 5.131 and r(7) is surjective by 
hypothesis. In a similar way we can prove 2 (the hypothesis implies, by dimension 
reasons, that 

-> ff°(IU v (i - 1 - |w|)) g " (g ' /3( '' )) > H°(P, g ° (g ' 7( ' )) » fl°0P,^O a (i)) - 

is exact Vi S Z). Setting J7" := ker7, we claim that Ext^(^4, J) = 0. Indeed, Vj G Z 
there is an exact sequence 

Hom F (0(jM) HomF( ° (j),7) . Rom ¥ (0(j),^O s ) -> Exti(0(j), J") -> Ext^C^'M). 

Since Homp(0(j), 7) = F°(P,7(-j')) is surjective and Ext|(0(j), .4) = for j ± 
— 1, we see that Ext-jy(0(j), J) = for j ^ — 1, whence it remains to show that 
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Extp(fi 1 (— 1), J) — (recall that A does not contain f2 2 , asp g (So) = pi). Applying 
Honijp(— ,J) to Si(~ 1) we obtain the exact sequence 

EbrtJ^-H-l), J) -» Exti^H-l),^) -» Ex4(0(-l),J) £* ff 2 (P ;1 7(l)). 

By what we have already seen ExtL(/C _1 (— 1), = and the exact sequence 

H\W,A{1)) gl(P ' 7(1)) ) H^V^Ml)) -» fr 2 (P,,7(l)) -> ff 2 (P,A(l)) 

shows that i? 2 (P, J(l)) = 0, since # 2 (P,.4(1)) = and iJ^P^l)) is surjective 
by hypothesis. Thus Exti(O x (-l), J) = and then also Ext^{A,J) = 0. 
Bv l3.3.5l we know that there is an exact sequence of the form 

-» A w (-1 - |w|) A ^ faOs -» 

with a symmetric (and minimal). Denoting by W* the complex — ► >4 V (— 1 — |w|) 
^4-^0 and by V* the complex — > J' — > .A — > 0, the same argument used in 13.2.71 
shows that W and V* are isomorphic in K b (Coh(P)). Then, in particular, there 
are morphisms of complexes g* : U* — > V* and ft* : V* — > such that ft,* o gr* 
is homotopic to i&u m . By 12.4.31 this implies that h* o <?* is an isomorphism in 
C h (Coh(P)), whence each h % is surjective. Being a surjective endomorphism of a 
vector bundle, h : A — > A is actually an isomorphism, and then it is clear that 
also h^ 1 : J — ► _4 V (— 1 — |w|) is an isomorphism. This proves 1. 

As for 3, if — > „4 V (— 1 — |w|) — > A — > 0*Os — * is an exact sequence, then 
bv 13.2.71 there is an isomorphism of complexes 

► A v (-1 - |w|) — 2_> ^ > o 

| b 1° l id 
► A y {-1 - |w|) — » A — 0*Os ► 0. 

It follows that the sequence -> A v (-1 - |w|) A -A </>»£>s -> 

is exact and a v (— 1 — |w|) = a because a v (— 1 — |w|) = a. Moreover, a = (3 o b o 
a v (— 1 — |w|) and bo a v (— 1 — |w|) is an isomorphism. □ 

3.4. Rank condition 

We are going to prove a version of the result "rank condition = ring condition" 
for a morphism of vector bundles on a graded scheme. As in |CS| (see also |JSj ). we 
prove it under weaker hypotheses than we will need: in particular, the morphism 
is not assumed to be symmetric. 

Let Z be a graded scheme. If £ is a vector bundle of rank r on Z, the line 
bundle A r (£ ) will be denoted by det(£). As usual, for < k < r the natural bilinear 
map A k (£) x A r ~ k (£) — > det(£) is a perfect pairing. 

Given a morphism of vector bundles a : Q — ► T on Z, Vfc G N we will denote by 
Zfc(a) the graded ideal sheaf of k x A; minors of a. More precisely, Zfc(a) is defined 
as the image of the natural map A k (Q) ® A k (J 7 ) v — > induced by A fc (a). Zfc(a) 
is also called the (rk(.F) — k) th Fitting ideal of cokera. 

In the following we will assume that rk(Q) = rk(.F) := r + 1. The morphism 

det(a) := A r+1 (a) : det(G) -» det(^) 
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will be identified with the corresponding map C := det(G) (Eidet(jF) v — » Oz (whose 
image is X r +i(a)) and also with the corresponding element of H°(Z,C V ). The 
morphism 

A r (a) : A r (G) S £ v ® det(0) A r (^) = ^ v ® det(^) 

corresponds (as Hom z (C7 v (g) det(<7),.F v <g> det(.F)) = Hom^^ A^)) to a ma P 
/3 : T ® L — > which satisfies the identities 

a o /3 = idjr <g> det(a) : T ® L T , & o (a <g> £) = idg <g> det(a) : ® £ -> 0. 

Lemma 3.4.1. In i/ie notation introduced so far, let Y C Z 6e £/ie closed 
graded subscheme defined by 2 r +i(a) ('i.e., Oy := Oz/Z r +i(&))- Let moreover 
Q := cokera, which is in a natural way a graded Oy -module. If det(a) is a 
non-zerodivisor (meaning that det(a) z is a non-zerodivisor Vz G ZJ, f/ien C := 
H.omy(Q,Oy) satisfies Q = 7iomF(C,OY) fas graded Oy -modules). 

Proof. Applying the functor — y :— — ®o z ®Y to the exact sequence Q ^> 
T — ► Q — ► 0, and taking into account that X r+ i(a)Q — (a o /3 = idjr ® det(a) 
implies that 2 r +i(a).F C ima), we obtain the exact sequence in Coh(y) 

Qy Ty -» Qy S Q -» 0, 



and also, applying TLomy{—,Oy), the exact sequence 



We claim moreover that there is a long exact sequence in Coh(y) 

Indeed, (cey£g>£ y )o(/3y(g)£ y ) = (idj^£n®det(a))y = because det(a)y = 0, and if 
(for some y G F) cr G (£7y <8>£y),, is such that (ay®£ Y )y( <J ) = 0, then (choosing a G 
(G®C n ) y lift of ct) 3t g (.F®>C n+1 )j, suchthat(a«)/:") y (c>) = (id^ <8jC »®det(a)) I ,(r), 
which implies (since a®C n is injective, because (a®£ n )o(/3®£ n ) = idjF 8 £>i(g)det(a) 
is injective by hypothesis) that a = ((3 ® £") y (r), whence cr G im(/3y £g) C Y ) y . So 
the sequence is exact at CJy £g> £ y , and in a completely similar way one can check 
that it is exact at Ty ® C Y - Besides, observing that I r+ \{a) — X r+ i(a v ), from a v 
we obtain in the same way the long exact sequence 

. . . _ gv^-n gigf^ ^£ y » ^«^" ) gV 0£ -« g£gf£^ ^ 0£ -„-i ^ . . 

In particular, it follows that C = kerct y = im(/3 y <8> £y), whence there is an exact 
sequence 



and applying Womy(-,0y) to it we obtain the exact sequence 

-> Hom Y (C,Oy) -> ^y ®>Cy ^ .Fy <g>£ y \ 

Therefore Hom Y (C, Oy) S ker(ay <g> /ly 1 ) = im(^y ® /ly 1 ) ^ cokeray = Q. □ 

PROPOSITION 3.4.2. In the notation of \3.4-l\ assume moreover that J 7 = Oz®£ 
(for some vector bundle £ of rank r ) and that 

:Q^T = O z ®£. 
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If det(a) is a non-zerodivisor and depth {I r (a 1 )) > 2 (i.e., dcpth(X r (a') z ) > 2 
Vz G Z), then the following conditions are equivalent: 

(1) Q = cokcra carries the structure of a graded sheaf of commutative Oy - 
algebras, with unit given by the image of 1 £ T(Z, Oz) C Y(Z,T) in Q; 

(2) l r (a')=l r (a). 

Proof. As we can always reduce to make local computations, we will adopt 
the following notation at a point z G Z: R := Oz, z , F '■= F z and G := Q z (since 
T and Q are locally free, we have F = 1<l<r+1 R{rrii) and G = 1<i<r+1 R{rii) 
for some m^rij G Z with mi = 0, so that C z = R(n — m), where m := J2 m i 
and n :— Yl n i)- Then a z and j3 z can be identified with maps a : G — > F and 
b : F(n — m) — > G, which can also be considered as (r + 1) x (r + 1) matrices 
(with entries Ojj € R mi - nj and 6jj € R m - n + ni - mj '). For simplicity VI £ Z we will 
write a and 6 instead of a(l) and 6(1). Thus, setting d :— det(a) G i? m _„, we have 
aob = didp and boa — dido. X r (a') z and X r (a)^ can be identified with the ideals 
of R 

I' := (6, 4 1 1 = 1, . . . ,r + 1) C 7 := (6 4J | i,j = 1, . . . , r + 1). 

As d G /' is a non-zerodivisor and depth (/') > 2, there exists d' G J' such that 
(d,d') is a regular sequence. We set moreover R := R/(d) and we will denote 
more generally by — the functor — (g># R. Clearly Q := Q z = cokera and C := 
C z = Komji(Q,R) satisfy Q = Q and C = C. Finally, i : R = R(m\) ^ F and 
p : F Q will denote, respectively, the natural inclusion and projection. 

First we prove that the natural map Oz — > Q induces an injection Oy ^> Q, 
which is the same as proving that ker(p o l) = (d). Now, 

po t (d) =p(d(l,0,...,0)) = p(ao 6(1,0,..., 0)) = 

because p o a = 0. On the other hand, if x G R is such that p o = 0, then 
3.9 = (.9i, • • • 1 9r+i) € G such that t(x) = a(g). Therefore we have 

dg = bo a(g) = b(i(x)) = x(bi,i, . . . ,6 r +i,i)j 

which shows that xV C (d). Then, in particular, xd' G (d), which implies that 
x G (d), because (d,d r ) is a regular sequence. 

Next we show that the quotient Q/Oy is annihilated byT r (a'), i.c that I'Q/R = 
0. As Q/R = F/iivaa + imt), we have to prove that bi t \F C ims + imt for 
i = 1, . . . ,r + 1. Let a^) be the matrix equal to a, except that the first row is 
substituted by (0, . . . , 1, . . . , 0) (with 1 in position i): as det(ei(j)) = ±6^1, 6^) (the 
matrix of cofactors of a^) satisfies o 6(^ = ib^iid. Thus V/ G F we have 

±bi,if = a {i) o 6 (i) (/) = a o 6 (i) (/) + (a - a (i) ) o 6 (j) (/). 

Since im(a — &(i)) C imt, we see that 6^1/ G ima + imt. 

Now we can prove that Homy(Q/Oy,Oy) = 0, i.e. that Hom^(Q/ R, R) = 
0. Indeed, an clement of Hom^(Q/ R, R) can be identified with an element ip G 
Hom/j(Q,/i) such that </?|^ = 0. Then (remembering that I'Q C R) \/q G Q we 
have = ip(d'q) = d'ip(q), from which it follows that ip{q) = G R (again, because 
(d, d') is a regular sequence). 

Thus the natural map C — H.omy(Q,Oy) —> Homy (Oy , Oy) = Oy is injec- 
tive, so that C can be identified with its image, which we claim to be the graded 
sheaf of ideals l r (a')/I r +i(a) of Oy = Oz /X r +i(a). To see this, it is enough 
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to check that if c £ C = Hom^(Q,-R) C R, then c(l) G and that every ele- 
ment of /' is of the form c(l) for some c £ C. As C is naturally isomorphic to 
im(& v : G(m — n) v — > F y ), every c S C corresponds to an element of the form 
6 v (c^>) = <ys o b for some </? € Hom^(G(m — n), R) (tp o b : F — ► .R is null on imo, 
hence it induces c:Q = i^/im a— ■*■/?). Then we have by definition 

r+i 

c(l) = ^ o 6(1, 0, . . . , 0) = <p(bx t i, . . . , 6 r +i,i) = ^ bisXt 

i=l 

(where Xi := <p(0, . . . , 1, . . . , 0), with 1 in position i). Since the x$ £ R can be 
arbitrary, the claim follows. 

We are now ready to prove that the condition X r (ct ) = T r [a) is satisfied if and 
only if the natural inclusion Tiomy(C,C) C TLomy [C, Oy) is an equality, i.e. that 
I' = I if and only if Rom R (C, C) = Hom^(C, R). Given q £ Q = Rom R (C, R) and 
c £ C, by 13.4. II we have q(c) = c(q). Since Q = im(b : F — > G(m — n)) and C = 
im6 v , we can find f £ F and <p € Hom^(G(m-n), _R) such that q and c correspond 
to b(f) and & v (<^) = <p ° b. This implies that q(c) = c(q) — <p o &(/). Therefore 
the condition Hom^(G, C) = Hom^ (C, R) is equivalent to ip o 6(/) & C = I' C R 
V/ € F and G G(m — n) v , which is clearly satisfied if and only if every entry of 
b is in I', i.e. if and only if I' = I. 

1 ==>• 2: By what we have just seen, we have to prove that TLomy(C,C) = 
TLomY(C 7 Oy), i.e. that given q £ Q = Hom^(C, -R) and c € G, q(c) — 
cq £ C. Now, in any case cq £ R, and (by definition of C) cq £ C if and 
only if (cq)q r £ R Vg' £ Q. As Q is an ^-algebra, we have (cq)q' — cqq' = 
(qq')(c)£R. " 

2 => 1: As Q = HomY(C,OY) — Homy(C,C), Q has a natural structure 
of Oy-algebra, with multiplication given by composition in TLomy (C,C). 
Given q, q' £ Q, we have 

d' 2 qq' = d'qd'q' = d'q 1 d'q = d' 2 q'q 

(since R is obviously in the centre of Q, and d'q, d'q' £ R because d! £ 
I' = C). As d! is a non-zerodivisor in Q (if p £ Q = Hom R (C, G) is such 
that d'p = 0, then Vc £ C we have = (d'p)(c) = d'p(c), whence p(c) = 
because d' is a non-zerodivisor in R), this implies that qq' = q'q, i.e. 
multiplication is commutative. The statement about unit is immediate to 
check. 

□ 

Remark 3.4.3. It follows from the proof that 1 2 is true also with- 

out the assumption depth(2" r (a')) > 2, provided one knows that Oy Q and 
Ho~^y(Q/O y ,Oy) = 0. 

Remark 3.4.4. If the hypotheses of 13. 4. 21 are satisfied, it is clear from the proof 
that the natural map Oy c — > Q is an isomorphism precisely at those points y £ Y 
where T r (a') y = Oz, y - 

3.5. Main theorem 

Theorem 3.5.1. Let So be a minimal surface of general type and S the standard 
graded scheme Sq(ws ) (see \1.4-$[ ), let (ft : S — * Y C P = P(w) (with dimP = 3) be a 
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good birational weighted canonical projection, and let £((j>) be the vector bundle on 
P defined in \3. 3.1\ Then there exists an exact sequence on P 

0^ (Offi^)) v (-l- |w|) * Lo®£(<t>)^^O s ^0, 

such that a is a minimal morphism which satisfies the following properties: 

(1) a is symmetric, i.e. a — a v (— 1 — |w|); 

(2) f = det(a) is an irreducible polynomial (defining Y = ProjP/(f)j; 

(3) l r (a) =2 r (a / ) (where r := rk(£ (</>))); 

(4) X := Spec(coker a) is a standard graded scheme and Xo is a surface with 
only rational double points as singularities. 

Conversely, given a vector bundle £ on P with £(2) S Oi3_i w i or and a minimal 
morphism a : (0©£) v (— 1— |w|) — > 0®£ satisfying properties 1, 2, 3, then cokera 
is in a natural way a graded coherent sheaf of commutative O y -algebras, and if 4 
also holds, then, denoting by ttq : So — > Xo a minimal resolution of singularities of 
Xo, So is a minimal surface of general type, Xo is its canonical model, ttq extends 
to a morphism of standard graded schemes n : S := So(ws ) ~~ * X, 0:S-^>X^Y 
is a good birational weighted canonical projection and £ = £{<j)). 

Proof. The first implication is now very easy to prove: bv 13.3.51 there exists a 
minimal satisfying 1; moreover, 2 follows from 13. 3 31 3 from 13 1 4!2l and I3~4 . 31 ( clearly 
Oy ^ 0*£>s and Horn Y {{^O s )/0 Y ,O y ) = 0, because the s upport of { ^O s )/ O y 
is a proper closed subset of Y, as cf> is birational), and 4 from II. 3. 161 and T3. 1.11 

Conversely, denoting cokera by Q, v (— 1— |w|) by * and £xt^(— ,0(— 1— |w|)) 
by E, since a is injective (because det(a) ^ 0), there is an exact sequence 

Applying Honip(—, 0(—l — |w|)) we obtain the exact sequence 

-» (O © £)* O 8 £ -> E(Q) -> 

(Hom ¥ (Q,0(-l - |w|)) = because Q G Mod(Y)). As a* = a, there is then a 
natural isomorphism E(Q) = Q. Notice that depth (l r ( a')) > 2: clearly it is enough 
to show that if y € Y, then depth(l r (a r ) y ) > 2. As f e l r (a') y is irreducible, this 
is true if and only if (f) = T r+ i{a) v C T r {a') v — T r (a) y . If on the contrary 
(f) = I r {a) y , then f would divide every entry of f3 y (the matrix of cofactors of a y ), 
whence f r+1 would divide det(/? y ), but det((3 y ) — F (this follows from the fact that 
a y (3 y = PyCty — fid). Therefore Q is a graded coherent sheaf of commutative O y - 
algebras bv !3.4.2l and, denoting by tp : X := Spec Q — > Y C P the natural map, by 
11.3.161 Q = i/j*Ox and ifi is finite. Moreover, tp is birational onto Y because there 
exists an open subset ^ U C Y such that (I r {a) /l r+ i{a))\u — Ojj (this follows 
from the fact that (f) = T r+ i(a) C l r (a) and f is irreducible), whence Q\u = On 
bv l3.4.4l Bv 13.1.81 there are natural isomorphisms in Coh(P) n Mod(-0*Ox) 

= £xlkQ, 0(-\w\)) - E(Q)(l) = 

Since also V*(V'*Cp(l)) = Of(l) <8> i>*Ox — Q(l) by projection formula, it follows 
from ll.3.T?)l that ivx — '0*Cp(l) — Cx(l)- Therefore wx — (Cx)i is an invertible 
sheaf (because X is standard). As Xo has only rational double points as singularities, 
everything will follow if we prove that ujx is ample: indeed, in this case Xo is the 
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canonical model of a minimal surface of general type So, the map ttq : So — > Xo 
extends naturally to a morphism it : S — > X (where S := So(ws ))i 4> := V" ° ^ i s 
a good birational weighted canonical projection and £ = £{4>) by the part already 
proved and by the uniqueness of the minimal resolution (see 13.2. 7|l . 

So it remains to prove that lux is ample, and it is clearly enough to show 
that u)^ o is ample, where m is the least common multiple of {wo, wi, Wa, W3}. By 
definition this is true if and only if, given Q e Coh(Xo), 31 € N such that the 
natural map 

g n ■■ o Xo ® K h°(x , g ® loI™) ^g® loI™ 

is surjective for n > I. As Op(m) is an ample invertible sheaf (by jCJ prop. 2.3]), 
]ieN such that the natural map 

h n : P ® K H°{¥, ip „g <gi O v {nmj) -> ^g ® O r (nm) 

is surjective for n > I. Since ipQOp(nm) = (this is an easy consequence of 

the fact that every stalk of Op contains an invertible element of degree m), by 
projection formula i/jo*(G <8> w™) = ipo*g ® Op(nm). Moreover, there is a natural 
isomorphism H°(X , g ® w™") = ff (P, Vo*(£ ® Wx™)) ( because ^0 is finite), and 
then it is clear that h n factors through ifio*9n, which is therefore surjective if n > I. 
Bv ll.3.l5l then, also g n is surjective for n > I. □ 

Remark 3.5.2. As we will sec, the coefficients Cj(<fi) of the sheaves 0(j — 2) 
(for 3 — |w| < j < 0) in £(4>) do depend on <f>. On the other hand, the difference 
Cj{4>) — c 3 _| w |_j(</>) is uniquely determined by the numerical invariants of So (and 
by w, of course). Indeed, bv !3.2.6l 13.2.21 and 13.2.31 we have 

Cj{4>) - c 3 -\w\~jW = Vj ~ z° ~ %-\w\-j ~ Va-H-j + z 3-\w\-j + zj 1 

= X (P, <M%(2) ®-A/&) - x(P,AA ( - } (2)) + x(P,AA ( ' _ |whj) (2)), 
and x(F,&0 s (2) ® Affa) = E l (-l) 4 x(P,^Os(2) ®A/^) depends only on K^, 

X(Oso) and w, whereas obviously x(P, Af' j) (2)) and x(P, -^(*3-|w|-j)( 2 )) depend only 
on w. 

Remark 3.5.3. The image in Homq of the component of a from (f2 2 ) 9 to 
fi 1 (— l) 9 can be identified with the natural map 

n 2 ® K h 1 ^, cb*o s ) »- n^-i) ® K h 1 ^, 0,o s (i)) 

(this follows from l2.ti"^l taking into account that this map is not changed by passing 
from the Beilinson complex to the present complex, see the proof of l3.2.6|) . 
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Applications to surfaces with p g = q = 2, K 2 = 4 

In this chapter we want to determine explicitly the resolution, whose existence is 
assured bv l3.5.ll for good birational weighted canonical projections of a particular 
class of (minimal) irregular surfaces of general type, namely those obtained as 
double covers of a principally polarized abelian surface (A, 0), branched along 
a (smooth) divisor of |20|. These surfaces (whose numerical invariants are those 
indicated in the title) are interesting because their bicanonical map is not birational 
and, if is irreducible, they are examples of the so-called non-standard case for the 
non birationality of the bicanonical map (see |Ci| and [CMj ). The standard case is, 
by definition, that of a surface admitting a rational map to a curve whose general 
fibre is an irreducible curve of geometric genus 2 (this property easily implies that 
the bicanonical map is not birational). In particular, in [CM it is proved that a 
surface with p g = q = 2 presents the non-standard case if and only if it is a double 
cover as above (with irreducible, since if on the contrary is reducible, i.e. if 
A is isomorphic to the product of two elliptic curves, then the surface presents the 
standard case). As for the weights to use for the projection (which we would like to 
be as small as possible), only two of them can be equal to 1 (since p g — 2) and, by 
what we have just said it is clear that at least one must be > 2, so that the most 
natural choice (which we make) is w = (1, 1, 2, 3). 

We consider only the (more interesting) case of an irreducible polarization. It 
turns out that even the problem of determining exactly the vector bundle £(4>) (i-e., 
of finding the coefficients Cj(4>) of the sheaves 0(j — 2)) requires a deep knowledge 
of the canonical ring 1Z of the surface So- So we first study it: the hard part is 
to determine the ring of theta functions on A 1Z(A,®) := © n>0 H°{A, 0^(n0)) 
(because 1Z is simply an integral extension of it, generated by a single element of 
degree 1). We manage to do it, finding explicit generators and relations, in a purely 
algebraic way. Once we have the canonical ring, we can compute the Cj(4>) using 
Cech cohomology (and we see that they actually depend on the choice of </>). Then 
we choose <f> as simple as possible and briefly describe the computations (which 
require the use of a computer) which allow us to determine a symmetric resolution 
a of (f)*Os as in 13.5. II 

We will work over the field C of complex numbers. 



4.1. Double covers of an abelian surface 

Let A be an abelian surface and let be a symmetric principal polarization 
on A. Given a smooth divisor B S |20|, let So be the surface obtained as double 
cover of A branched along B, and denote by p : So — > A the projection. Then So 
is a minimal surface of general type and p g (So) = <?(So) = 2, if§ o = 4. In fact, as 
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u So S p*0 A {&) and p*<D So =<D A ® O a (-Q), we have 

p^ ^O A (nQ)®O A ((n-l)e) 

Vn e Z (0^(710) is the invariant part and A ((n — 1)0) the antiinvariant if n is 
even, and viceversa if n is odd) . p being finite it follows that 

iT (So, O £* fT(A,p,wg ) £* 77* (A, A {n@)) © 77* (A, A ((n - 1)6)) 

Vi e N. Therefore, since C A (n6)) = n 2 for n > 0, C A (n6)) = for 

n ^ and /i^A.Oa) = 2, we see that Pg {S ) = h°(A,O A {0)) + h (A,O A ) = 2, 
q{So) = h 1 (A,0 A ) + h 1 (A,0 A (-Q)) = 2 (so that X (Os ) = 1) and (for n > 1) 
/i°(S ,wg ) = /i°(A,O A (ne)) + /i (A,O A ((n-l)e)) = n 2 + (n-l) 2 = l + 2n(n-l), 
whence So is of general type and Kg = 4 (because h°(So,u)$ o ) = x(Os ) + 
n ( n ^~^ K$ ). Moreover, So contains no rational curve (because the same is true 
for A), which implies that So is minimal and coincides with its canonical model, 
i.e. So — Proj7?., where TZ := 72(So,ws ) is the canonical ring of So- Denoting by 
TV the (positively graded) ring 

TV = TZ(A, 6) := H°(A, A (nO)) 

n>0 

and by £ a generator of H (A,O A ) C 77 (So,^s ) = Vn e N we can write 
72„ = 7?4 © C^n-ii so tnat TZ = TZ' ® £,TV . Then multiplication in 72. is given by 

(x + iy)(x' + £y') = xx' + syy' + (xy' + x'y)£ 

Vx,x',y,y' G TV , where s e H°(A, O a (2Q)) = TV 2 is a section whose zero divisor is 
73. 

4.2. The ring of theta functions of an abelian surface 

We will assume that the polarization 6 is irreducible, so that A is isomorphic 
to the Jacobian of a (smooth projective) curve C of genus 2. Being hyperelliptic, 
C is a double cover of P 1 branched on six (distinct) points. Denoting by [yo, y{\ the 
homogeneous coordinates on P 1 , we can write C — Proj 7?, where 7? is the graded 
ring 

7? := C[y , yi,z]/(z 2 - F) deg(y ) = deg(yi) = 1, deg(z) = 3 

and 77 is a homogeneous polynomial of degree 6 vanishing exactly at the branch 
points (notice that 7? can be identified with the canonical ring TZ(C, ujc) 01 C). Up 
to composing with an automorphism of P 1 , we can assume that three of the branch 
points are 0, 1, oo, whence we can write F as 

F = 2/oZ/i (yt + x Vovl + milvl + vy%yx + ty\). 
for some A, fi, v, e € C with 1 + A + u + v + e = 0. 

We will denote by h : C — > P 1 the double cover and by i : C — > C the 
hyperelliptic involution (given, in weighted homogeneous coordinates [yo,y\, z], by 
[a, b, c] i — ► [a, b, — c]). We will identify the abelian surface A = Pic°(C) with Pic 2 (C) 
using the isomorphism given by C ^ C <£> Oc(2coo), where := [0, 1,0] G C. We 
recall that Pic 2 (C) is naturally isomorphic to a blow-down of (the twofold 
symmetric product of C, whose closed points are in canonical bijection with the set 
of effective divisors of degree 2 on C): the natural map q : — > Pic 2 (C) is an 
isomorphism everywhere, except that it contracts to a point the exceptional divisor 
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£7, corresponding to the linear system g 2 of C. Letting r : C x C — > be the 
quotient map and setting D\ :— {coo} x C and D 2 :=Cx {coo}, we can take as 
theta divisor 8 := q o r(-Di) =50 r{D%) C A. 

Denoting by a generator of if (A, 0^(0)), the exact sequences 

-> x ((n - 1)6) ^ A {nQ) -> O e (ne) -» 
induce exact sequences for n > 1 (as O^(m0)) = for m > 0) 

-► fl°(A, A ((n - 1)9)) ^> A {n@)) -» ff°(0, O e (n6)) -» 0, 

whereas for n = 1 we have : H {A,O A ) ^ H (A,O A (B)) and iJ°(6, £> e (e)) ^ 
H\A,O a ) S C 2 . As 6 S C and (by adjunction) O e (©) = w e , ff°(e,O e (ne)) = 
7J°(C, w£) S i?„. Letting R' be the (graded) subring of R given by R' := J?<j 
we have therefore that R' = lZ'/(9). Since 9 is a non-zero divisor in 72.', the "hyper- 
plane section principle" (see [H] p. 218]) implies that 72' has the same generators as 
R 1 plus 9, and that the relations of 72' are given by lifts of those of R' (in particular, 
the two rings have the same number of relations and in the same degrees). 

So, as a first step to compute 72', we will find generators and relations of R'. 
Setting n := y^y\ g R' 2 (i = 0,1,2), s z := yg"^* g ^ (t = 0,1,2,3) and 
ti := j/jZ 6 (i = 0, 1), it is clear that R' is minimally generated (as a graded 
C-algebra), by the r*, s.j, tj and z. As for relations, we have the following result. 

Lemma 4.2.1. The kernel J of the natural epimorphism of graded rings 

P := C[r ,ri,r2, s , s-l, S2, s 3 , z,t ,tx] -» R' 

is minimally generated by the following 37 homogeneous polynomials (of which 1 
has degree 4, 6 have degree 5, 17 have degree 6, 10 have degree 7 and 3 have degree 
8): 

r\ — r^r-i ( of degree 4 ) 

riSj — ri + iSj_i for i = 0, 1 and j = 1, 2, 3 (0/ degree 5 _J 

r,ti — ri + itg for i = 0, 1 (0/ degree 6 _j 

s i s j - ro~ Li± ^ ±ij r I 1 +: ' _2Li * 1J r^ J /or < i < j < 3 (0/ decree 6J 

s^z — rjio /or i = 0, 1, 2 and S3Z — r%t\ (of degree 6) 

z 2 — ri(r 2 + Arir 2 + /ir r 2 + ^r ?'i + er 2 ,) (of degree 6) 

Sitj - rg" Li± * tiJ r l 1 +: '" 2Li * IJ r 2 Li * 1J z for < i < 3 and j = 0, 1 (0/ degree 7) 
zti — s l+ i(r 2 + Arir 2 + /ur r 2 + VTqTx + tr 2 ,) for i = 0, 1 (0/ degree 7) 

Utj — r\r l+ j{r\ + Arir 2 + /ir r 2 + Won + er 2 ,) /or < i < j < 1 fo/ degree 8). 

Proof. Denoting by J' the (homogeneous) ideal generated by the polynomials 
in the above list, it is clear that J' C J. Vrt g N let R n be the subspace of P n 
defined in the following way: R n := P n if n < 3, whereas for m > 2 

R 2m ■= (ro~ l ~ J ~ 2k r{r l 2 t h | < j, k < 1; < % < m - j - 2k) (r™- 2 ^), 
JWi := (r^-^^M^ao"*** 1 < 3, * < 1;0 < i < m - j) 8 (r™" 1 ^ 1 1 < i < 3). 
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Notice that, for n > 1, dime R n = 2ra — 1, so that dime J? n = dime R' n Vn e N. 
Moreover, it follows easily from the definition that R n + J' n = P n Vn g N. Therefore 

dime > dime P„ - dim c -R„ = dim c P„ - dim c = dim c J„, 

which implies (since C J„) that = J„ Vn g N, i.e. that J' = J. The 
given list of polynomials is also a minimal set of generators of J: indeed, it is not 
difficult to check that, if J" denotes the ideal generated by the whole list except 
one polynomial (say of degree n), then J% |fi„CP„. □ 

By what we said before, it follows that TZ' has 11 generators (0 of degree 1, 3 of 
degree 2, 5 of degree 3 and 2 of degree 4) and 37 relations (in the same degrees as 
those of R') and that, for instance, denoting by pi lifts of n, since the only relation 
in degree 4 in R' is r\ = r r 2 , TZ' has also a single relation in degree 4, and it is of 
the form p\ = pop2 + 0f for some (p G TZ'%. In order to determine this tp and the 
analogous terms in the other relations, we need to study the ring TZ' more directly. 

Consider the divisor E' := r*(E) of C x C and observe that E' = {(c, l(c)) \ c g 

C}. 

Lemma 4.2.2. Let D := D 1 + D 2 + E' . Then Vn g Z there are natural isomor- 
phisms 

H (A,O A (n@)) = H°(C x C, <D C xc(nD))+, 

where the superscript + denotes the subspace of invariants under the natural action 
o/Z/(2) induced by the map which exchanges the two factors of C x C. 

PROOF. Since q*O c( 2) = Oa, by projection formula C>A(n<d) = q*q*C>A(nQ), 
whence H°(A, A {n@)) = H° \C {2 \ q* O A (nQ)) . Observe moreover that 

H°(C x C,r*q*0 A {ne)) S H°(C< 2 \ q*0 A (nQ) ® r.O CxC ). 

As the invariant part of r*OcxC is C (2), it follows that 

H (A,O A (nQ)) = H (C (2) ,q*O A (n&)) = H°(C x C,r*q*0 A (nQ))+ . 

To conclude, just notice that q*O A (0) = O c( 2)(@' + E) (where 9' := r(£>i) = 
r(D 2 )), r*O c( 2)(e') = OcxcPi +^2) and r*O c(2) (E) S Ocxc(S'), so that 
r* 9 *Ox(e) S CxC (D). □ 

We can therefore identify the elements of -ff°(^4, Oa(ti9)) with symmetric 
rational functions on C x C having as poles at most nD. We will denote by 
[y'o,y'i,z'] the coordinates on the second factor of C x C = Proj(i? Xc R) (where 
(R XcR) n '■— Rn <8>c Rn)- Our aim is to find functions corresponding to generators 
of TZ' (then it will be not difficult to determine the relations, because in this way 
multiplication in the ring is simply given by multiplication of functions). Now, some 
of them are easy to find: it is clear that := 1 is a generator of H°(A,Oa(Q))- 
As for H°(A,O A (20)), besides 1 = 2 we have for instance ^4 and Vl ^t v ,f v '' 
(which have as poles 2Di + ID-i). On the other hand, as we will see, a fourth 
generator of H°(A, (9a(2©)) is not so simple (it has poles also at 2E'), and the 
same is true for two generators of degree 3 and one of degree 4. Therefore we need 
a systematic procedure which allows us to determine all sections of n8 (at least for 
n < 4). Before we describe it, we need to know explicitly the morphism TZ' -» R': 
it is not difficult to prove the following result. 
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LEMMA 4.2.3. The map TZ' n = H°(A,OA{n&)) -» R' n can be identified with 
7-2/o"((^)"7l^=o, !/ ;=i) 

(notice that p^|^ =z / =0 , y ; = i = I). 

For instance, it follows that (as expected) 9 and 9 2 are mapped to 0, whereas 
V y^ y ) goes to 2/o2/i = r i and 2/1 ^p®^?®^ 1 to 2/0 = ^0 (so the still missing generator 
of degree 2 will be a lift of r 2 ). 

In order to shorten notation in the following we will write a © b for a (y , 2/1 , 2) © 
b(y' ,y[,z') + b (Vo,yi,z) © a(y' ,y[,z') and a A & for 0(2/0,2/1,2) © b(y' ,y[, z') - 
b(yo,yi,z) © a(y' ,y[, z'). Consider the Z/(2) x Z/(2) Galois cover H := h x h : 
CxC^P'xP 1 : setting L>i := {[0, 1]} x P 1 and D' 2 := P 1 x {[0, 1]}, we have 
H*(D^) = 2 A and H*(A P i) = A c + E' (A x denotes the diagonal in X x X), 
whence 

- 71 
nD = H*(D n ) - nA c - (n - 2[-J)(Di + D 2 ), 

where £>„ := nA F i + L zi ^ i J(£'i + ^ 2)- Thus we see that H "( c x C,0 C xc(nD)) 
can be identified with a subspace of H°(C x C,Ocxc(H*(D n ) j). More precisely, 
every global section 7 of Ocxc(H* (£> n )) can be written in the form 

_ G 

7 (2/o®2/o) L ^ J (2/i A 2/ )" 
with G e (.fiX(r.-R) n | p+ij, and then the condition 7 g H°(C x C,Ocxc(nD)) + is 
equivalent to the following: G vanishes on Ac of order n, G vanishes on Z?i + D 2 
if n is odd, and G is symmetric or antisymmetric according to whether n is even or 
odd. The problem of determining the G satisfying the above condition eventually 
translates into a problem of linear algebra: we are going to see how only for n = 2 
(the cases n = 3 and n — 4 are similar, only slightly more complicated). So we are 
looking for symmetric G g R3 £g>c R3 vanishing on Ac of order 2. Passing to affinc 
coordinates (y = 2/1/2/0, z = z/y ), {y' = y'x/y^z 1 = z'/y' ) and dropping tensor 
products, we want the g vanishing on Ac of order 2 and of the form 

9 = u(y, y') + v(y)z' + zv(y') + 2kzS' 

with u(y, y') = u(y', y) of degree < 3 in each variable, deg(w) < 3 and k g C. Now, 
the condition g\/\ = immediately implies v = 0, so that g = u(y,y') + 2kzS'. 
Setting f(y) := F(l, y), we have (z — S') 2 = f(y) + f(y') — 2zz', so that g vanishes 
on Ac of order 2 if and only if the same is true for 

g' := g + k(z - i' f = u{y, y') + k[f(y) + f{y')\. 

This last condition is obviously satisfied if and only if g'(y,y') is divisible by (y — 
y') 2 . Actually, as g'(y,y') = g(y',y), it is enough to require that g' is divisible by 
(y ~ 2/')i t na t g'(y, y) = u(y, y) + 2kf(y) = 0. Now it is clear that this gives a 
linear system of 7 equations (since deg(g'(y,y)) = 6) with 11 unknowns (k and the 
coefficients of u, which are 10 because u is symmetric). It turns out that the space 
of solutions has the expected dimension 4 = h°(A, (9^(2©)), and a base is given 
by the following values of k and u(y,y') (the first three solutions correspond to the 
already known functions 1, Vl ® v ? and v ) ): 
k = 0,u=(y- y 1 ) 2 - 
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k = 0, u= (y + y')(y-y') 2 - 
k = 0, u = yy'{y-y') 2 ; 

k=-l,u = y 2 y' 2 (y + y') + 2\y 2 y' 2 + p,yy'(y + y') + 2vyy' + e(y + y'). 
Carrying out a similar analysis also for n = 3 and n = 4, one eventually obtains 
the following result. 

Proposition 4.2.4. Identifying, as above, global sections of (9,4 (n©) with ra- 
tional functions on C x C, TV is generated (as a graded C-algebra) by the following 
(homogeneous) elements: 

9 := 1 of degree 1; 

yi ©yo yi ® y[ 

yo ® y 2/0 o 2/0 

P2 := (2/1 © 2/ 2/i 2 + A2/02/? © 2/ 2/i 2 + M2/o2/ 2 y'tfy'i + vyfai 2/oV 

+ £2/o2/i 2/o 3 ~ 2 «')/[(») ® 2/o)(2/i A 2/ ) 2 ] 

0/ degree 2; 

zAy 3 zAy' 2 y[ z f\y' y' 2 

°0 ■= — r- — 7277 : — 77' CT i : ~ 7^7- — 7277 \ — 77 > CT 2 := 



(2/o 2/o 2 ) (2/i A 2/o)' ' ' (2/o0 2/o 2 )(2/i A2/0)' (2/0 2/ 2 )(2/i A 2/ ) ' 

<T 3 := [2/ 2 2 A y 2 yi 3 + y 2/iz A (3y ^ 4 + 4Ay 2 yf + 3^y 3 yf + 2i/y 4 ^ + ey 5 ) 
+ y 2 z A (K 2 yl 3 + 2^y 3 y' 1 2 + 3ey' Q 4 l y[)} , '[{y 2 ® y 2 )( yi A j, ) 3 ], 

C := (2/1Z 2/o z ' - 2/02/1 2/o2/i 3 ~ Ayo2/? y'^y'i ~ WoVi 2/oVi ~ ^oVi 2/ 3 2/i 

- e2/o2/i 2/o 3 2/i)/[(2/o 2 2/ 2 )(2/i A j/ ) 2 ] 

0/ degree 3; 

y?Az' 



To := 



(2/o0 2/o 2 )(2/iA2/ o ) 



n := [eylyl A y V + {yl + 2A ? y 2/ 4 + 3^ 2 ? y 3 + Avyly 2 + 3ey^i) A y yiz' 

+ (3y 2/ 4 + 2Ay 2 y 3 + ^ 3 y 2 ) A 2/i V]/[(2/ 2 Vo^ivi A 2/ ) 3 ] 

0/ degree 4. 

Moreover, the images in R' = TZ'/(6) of pi, <7j, C T i are ; respectively, r i} 
Si, z and ti. 

Remark 4.2.5. 0, pj and £ are invariant with respect to the involution of A 
given by multiplication by —1, whereas Ui and n are antiinvariant. 

Remark 4.2.6. The above functions are not uniquely determined by the con- 
dition of being lifts of the corresponding generators of R': for instance, the pi could 
be changed by adding multiples of 9 2 = 1. On the other hand, the <Tj are unique if 
we require them to be antiinvariant, since the elements of 1Z' <3 are all invariant. 
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Now we have to determine the relations of TV , and it is clear that this becomes a 
problem of linear algebra (which can be easily solved by a computer). For instance, 
the unique relation of degree 4 must be of the form p\ — p p 2 + 9p with (since ip 
is invariant) 

ip = aid 3 + a 2 9p + a 3 9p x + a A 9p 2 + a b Q 

for some dj G C. The condition to impose on the at is then simply the vanishing 
of p\ = p p2 + Oip, i.e. of its numerator, which is a polynomial in y , t/i, y' Q , y[, 
z, z' (not in this case, but in higher degrees one has of course to use the fact that 
z 2 = F(yo,yi) and z' 2 = F(y' ,y[)), whose coefficients depend linearly on the a, t . 
The result of these computations is the following. 

Proposition 4.2.7. W := TZ(A, 0) = Q'/I', where Q' is the polynomial alge- 
bra 

Q' := C[0,PO)Pl)P2,Co,O-i,O-2,<T3,C,To,Ti] 

with deg(0) = 1, deg(pi) = 2, deg(cri) = deg(£) = 3, deg(ri) = 4, and I' is the 
homogeneous ideal which is minimally generated by the following polynomials (such 
that deg(reZi) = 4, deg(re^) = 5 for 2 < i < 7, deg(re^) = 6 for 8 < i < 24, 
deg(re^) = 7 for 25 < i < 34 and deg(re^) = 8 for 35 < i < 37): 

rel[ := p\ - p p 2 + 6(-2( - p9 Pl + eO 3 ); 
rel' 2 := p O 0i - Pioo - 9 2 a 2 ; 
rel' 3 := pocr 2 - picri + 0t o ; 

rel' 4 := p a a 3 - p ± a 2 + 6{2t\ - e9a a - 2v9o-i - p9a 2 ); 
rel' 5 := p\G\ - p 2 cr + 9(-2t q + p9ox + 2X9a 2 + 9a 3 ); 
rel' 6 := p\o 2 - p 2 ai - 6n; 
rel' 7 := picr 3 - p 2 a 2 + e9 2 a 1 ; 

rel' s := p ri - pir + 0(ppiai + 2\p x a 2 + 2p x o- 3 + e9 2 a{); 

rel' g := pm - p 2 r + 9(-2ep a 1 - 2vp 1 a 1 - pp x o 2 + e9 2 cr 2 ); 

rel[ := erg - pg + 9 2 (-Xp 2 + p aPl - p9 2 p Q - 9 2 p 2 - v9 A ); 

rel' n := owi - p 2 Pl + 9 2 (9( - \p pi); 

rel' 12 := oqo 2 - p\p 2 + 6(-p ( + 9p 1 p 2 + e9 3 p + v9 3 pi); 

rel' 13 := (T a 3 - poPiP2+9(pi(- p0 2 (-e9p 2 l -2v9p o pi- p0p o p 2 -2X9p 1 p 2 - 

6pl - Xe9 3 p a - 2Xv9 3 Pl - v9 3 p 2 ); 

rel' 14 := o\ - p pj - 9 2 p 1 (Xp 1 + p 2 ); 

rel' 15 := a\a 2 - p a pip 2 - 9px(; 

rel' 16 := o 1 o 3 - p a p\ + 9(-p 2 ( + e9p p 1 + Xe9 3 p 1 + e9 3 p 2 ); 
rel' 17 := a 2 - p\p 2 - 9 2 Pl (ep + v Pl ); 
rel' 18 :=o 2 o 3 - pip 2 + 9 2 (e9( - vpip 2 ); 

rel' lg := u\ - p\ + 2 (epip 2 - vp\ - e 2 9 2 p - pe0 2 p 2 - Xe 2 9 4 ); 
rel' 20 := cr C - Po T o + ^(^ r i + Wi^o + Ap cr 2 + Po<r 3 - e9 2 cr - v9 2 a x ); 
rel' 21 := ciC - Pit + 9p 1 (pa 1 + \a 2 + a 3 ); 
rel' 22 := cr 2 C - P2T0 - 9ai(ep + vpi); 

rel' 23 := a 3 ( - p 2 n + 9(-v9t x + ep Q a 2 + vp x a 2 + pp 2 a 2 + Xe9 2 a 2 ); 
rel' 24 := ( 2 -pi(p 2 , + \pip 2 +ppop2 + vpopi+£pl)-9 2 p 1 (\epo + Xvp 1 +vp 2 ); 
rel 25 := o- t - p 2 C + Opi(0( - pp\ - ApoPi - Pop 2 - v0 2 Po); 
rel 26 := crir - poPiC + 9p 1 (-pp a p 1 - \p\ - p x p 2 + e9 2 p a ); 
rel 27 := a 2 r - p\( + 9p a p 1 (ep + vpi); 

rel' 2S := a 3 T - pip 2 ( + 9(-e9p Q ( + ep p\ + vp a p x p 2 + \e9 2 p\ + e9 2 p 1 p 2 ); 
rel' 29 := cr Ti - popiC + 9(-9p 2 ( + Xp pip 2 + p\p 2 + e0 2 popi + v9 2 p\); 
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rel' 30 := am ~ pf( + 9p\p 2 (\p\ + pi); 

rel' 31 := am - pip 2 ( + 0pi(-epopi - vp\ - ppip 2 + ^ 2 p 2 ); 
rel' 32 := am - p 2 2 Q + 9px(e0C ! - ep Q p 2 - vp x p 2 - pp\ - Xe9 2 p 2 ); 
rel' 33 := (t - p\az - Xp\a 2 - pp pia 2 - vpopiax - ep\ax - e0 3 T O ; 
rel' 34 := (n - pip 2 a 3 - \p\a 3 - pp\a 2 - vp\a x - ep\a a + 0(ppm - Xe9 2 T Q - 
Xe9p a 2 - e9pia 2 ); 

rel'35 •= T 2 - Pi{p\p 2 + Xpf + ppop 2 + vplpi + Vo) + e9 2 p p 2 ; 

rel' 36 := rm - pi(pipl + \pjp 2 + ppopip 2 + vp pj + ep^Pi) + 9pi(-ppiC + 

e9 2 C - 2\e9p pi - e9p p 2 - 2Xv9p\ - 2v9 Pl p 2 ); 

rel' 37 := t\ - p x (p\ + Xp lP \ + pp\p 2 + vp\ + ep pl) + c0 2 p\p 2 . 

Remark 4.2.8. The above polynomials are not all lifts of those listed in 14. 2.11 
for instance, rel' ir is a lift of s\ — r\r 2 and not of s 2 — r$r 2 (but, of course, 14.2.11 
remains true if s 2 — r\r 2 is substituted by s\ — r^r 2 ). The reason for this and other 
changes was (to try) to keep the rel[ as simple as possible. 

4.3. Computation of £(</>) 

If s £ (9 2 ,pa,pi), it is not difficult to see that £ B C A is a singular point. 
So we can assume that s = p 2 + apo + bpi + c9 2 £ 1Z 2 for some a, 6, c £ C. Notice 
that, since £ 2 = s, in 1Z there is the relation 

p 2 = - ap - bpi - c9 2 . 

The structure of 1Z then follows immediately from 14.2.71 

Proposition 4.3.1. The canonical ringlZ — 1Z(Sq,lus ) is isomorphic to Q/I, 
where Q is the polynomial algebra 

Q := C[£,6,po,pi,ao,ai,a 2 ,a 3 ,(,To,n} 

with deg(£) = deg(0) = 1, deg( j o l ) = 2, deg(<7,) = deg(C) = 3, deg(r l ) = 4, and I is 
the homogeneous ideal which is minimally generated by the polynomials reli (I < 
i < 37) defined as rel[ in \4-2. 7\ except that p 2 is substituted by £ 2 — apo — bpi — c9 2 . 

We will write here only the first reli, which we will use directly later. 

reh = ap 2 + bp oPl + pj - £ 2 p + 9(-2( + c9p Q - p9 Pl + e(9 3 ); 
rel 2 = p ai - pia a - 9 2 a 2 ; 
rel 3 = p a 2 - p x a\ + 9t q ; 

reh = Po&3 — P1&2 + 0{2t\ — e9a — 2v9a 1 — p9a 2 ); 

rel 5 = ap a + bp\a a + p\a\ — ^ 2 ct + 6(— 2r + c9a n + p,6a\ + 2\9a 2 + 9a 3 ) ; 

reZ 6 = ap ai + bpxax + P\a 2 — £ 2 ai + 6(—tx + c9ai); 

reh = apoa 2 + bpia 2 + pia 3 - ( 2 a 2 + 9 2 {ea 1 + ca 2 )\ 

rel 8 = pon - piT + 9(pp 1 a 1 + 2Xpia 2 + 2p x a 3 + e9 2 ai); 

rel 9 = piTi + (ap + bpi-£ 2 + c9 2 )TQ + 9(-2epoai-2vpiai-ppia 2 +e9 2 a 2 ); 

rel 10 = o 2 -pl + 9 2 [-Xp 2 + p oPl + (a- p)9 2 p Q + b9 2 Pl - 9 2 £ 2 + (c- v)9 A ] . 

Remark 4.3.2. It is clear that 11/(0) is isomorphic to the ring R' © £'R' with 
multiplication defined by 

(x + i'y)(x' + C'y') = xx' + (r 2 + ar + bn)yy' + (xy' + x'y)£. 

Since £' is a non-zerodivisor in R' © £'R', we see that (0,£) is a regular sequence 
in K. 
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From now on we set w := (1, 1, 2, 3), and we will write (as usual) P for P(w), 
P for P(w) and for Pi(w). 

Assume that <p : S — »• P is a good birational weighted canonical projection: <fi 
is determined by a morphism of graded rings g : P — * TZ, and (up to composing <p 
with an automorphism of P) we can always assume that 

e(xo) = 0, q(xi) = £, g(x 2 ) G (pojPi) \{0}, g{x 3 ) G 7^ 3 \C [0,f, e(a; 2 )] 3- 

Remark 4.3.3. Not every choice of g as above determines a good birational 
weighted canonical projection. For instance, we must have g(x 3 ) 4- £> Po, Pi, C]3> 
otherwise 0o would factor through the involution of So which lifts multiplication by 
— 1 on A ( see 14.2. i^ . On the other hand, one can prove that is good birational for 
a general choice of g (see also 14.3.51 . Later we will prove that <j> is good birational 
in a particular case. 

Since |w| = 7, pi = 2, p2 = 4 the vector bundle £(<f>) defined in 13. 3. II is in our 
case given by 

£(<!>) = o{-2) © n\-i) 2 ffi o(-3) c - iW) © o(-4) c - 2 ^ © o(-5) c - 3W) . 

In order to compute the Cj(0) we need some preliminary results. 

First we study morphisms from fii to 0*(9s(l): the exact sequence 

/C" 3 /CT 2 O 1 — > 

shows that Homjp(fi 1 , 0»Og(l)) = ker Homp (d^^ , </>*Os(l)). Remembering the def- 
inition of g?^, this means that <p € Homp(f2 1 , </>*0s(l)) corresponds to 6 elements 

tp it j G Hom F (C(-Wi - Wj), 0*O S (1)) = 72. w<+ w 3 . + i 

for < i < j < 3, satisfying the 4 relations 

(4.3.1) p(xi)ipj, k - g{x 3 )ip iik + g(x k )ipij = 

for < i < j < k < 3. On the other hand, applying Homp(— , 0»Og(l)) to the short 
exact sequence Si, we obtain the exact sequence 

Hom F (/C-\ faO B (l)) -► Hom^O 1 , <f>*O s (l)) ^ Ext^O, &0 S (1)) -» 0. 

Recall that Exti(C, ^O s (l)) = ff 1 (P,^»O s (l)) and /^(P, 0,0 S (1)) = ?(S ) = 2. 

Lemma 4.3.4. Let 77, 77' £ Honip^ 1 , 0*Og(l)) &e smc/i i/iai 3\{ri,ri') *s aw *so- 
morphism. If g(x 2 ) — fcopo + kipi, then 

(»7o,i,f7o,i) = ( acr o + + cr 2 ,acri + 6cr 2 + cr 3 ) C Tl 3 /TliTl 2 = (0-0,0-1, 0-2,0-3,0, 
(171,2, ?7i,2) = (- fc o7"o - fcin, (fco&- fcia)r + fc n) C H±l(Jl\H 3 + ^2) = (^o,n)- 

Proof. First we show that if <^o,i G 7?-3 is such that £2¥>o,i> s^'/'o,! e 
then it can be extended to a ip G Honip^ 1 , 0*0s(l)) (of course, the converse is 
also true by l|4.3.1(l ). Indeed, by hypothesis we can choose ^0,2,^1,2 G H4 and 
<A),3, Vi,3 £ 7^5 sucn that 

£o¥>i,2 - xi(p , 2 + 2:2^0,1 = 2:0^1,3 - £1^0,3 + 2:3^0,1 = 0, 

and it remains to find if2,3 G 7?-6 such that 

X0¥>2,3 - X 2 (f0,3 + X 3 ifQa = Xi(f 2 ,3 ~ X 2 tfl,3 + ^3^1,2 = 0. 
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By the above relations we have 

^1(^2^0,3-^3^0,2) = X 2 (x (p 1 . 3 +X 3 ip . 1 )~X 3 (x (p 1 . 2 +X 2 ip , 1 ) = X Q (x 2 f 1 ,3-X 3 lf lt2 ), 

which implies (since (xo,xi) is a regular sequence in 1Z bv !4.3.2|l that 3^2,3 € Ti-s 
such that x ^2,3 = x 2 ip 0t3 - £3^0,2 and xi(p 2 , 3 = x 2 (pi, 3 - x 3 (pi^ 2 . 

Now, it is clear that if ip £ Hom^ri 1 , 0*0s(l)) factors through /C _1 , then 
<Po,i G Therefore the image of <po,i m T^3/(9,£.) = T^/T^iT^ doesn't depend 

on tp up to morphisms factoring through /C -1 , and the first equality will follow if we 
prove that 770.1 := aao+bai+a 2 and n x := a<7i+ba 2 +a 3 satisfy pr?o,i, pr]' 1 £ (#,£) 
V> € 7e + . Passing to the quotient ring 11/ [9) = R' 8 fsee I4.3.2[) . this is the 
same as proving that 770,1 := as® + bsi + s 2 and fj' x :— asi + bs 2 + s 3 are such 
that rfjo t i,rfj' Q 1 £ (£') Vr £ Since £' 2 = aro + br\ + r 2 , in the overring 

R = C[y ,yi,z]/(z 2 - F) of R' we have 770,1 = y £' 2 and ?7 01 = yi£' 2 , whence 
r Vo,i = (yor)S,' 2 and rfj' Q1 = (yir)£,' 2 , and y r,yir £ R' . 

As for the second equality, observe again that if <p S Hom^S! 1 , 0„Os(l)) factors 
through /C , then ipi 2 £ (£,,k p + fciPi), so that it is enough to check that if 77 
(respectively 77') is a morphism such that 770,1 = aa a + bai + a 2 (respectively t7 1 = 
a<7i+ba 2 + a 3 ), then 771,2 = —koTo — kiTi (respectively v( X2 = (kob—kia)To + koTi) in 
^4/ (T^i 7^3 + 7^! )■ The other cases being similar, we will do it only for 77 assuming 
k = 1, k± = (so that £?(x2) = Po an d we expect 771 2 = —To). By rel 2 and rel 3 we 
have 

Po(aa + bai + cr 2 ) = apo^o + bpiijQ + b9 2 a 2 + p\u\ - 9t , 
and then it follows from rel§ that 

Po(aa + bai + <r%) = £ 2 co - 0[— To + c#cr + A«0ci + ( 2 ^ _ &)0o"2 + 0ct 3 ], 

whence we can take 770,2 = £00 an d T}\ 2 = —To + c^ctq + /i0<7i + (2A — b)9a 2 + 9o~ 3 . 
It is also clear that a different choice would change 771,2 by a multiple of £. □ 

We will use Cech resolutions over the affine open covering U = {{xi ^ 0} | i — 
0, . . . , 3} of P to compute cohomology. 

Lemma 4.3.5. Let 77, 77' be as in \4-3-4\ Then 

{—},{—} eZ\U,^O s (i)) 

and they correspond to generators o/i? 1 (U, 0*0g(l)) = ff 1 (P, ^>*0g(l)). 

PROOF. It is clear by definition that if ip £ Hom^S! 1 , 0*Os(l)) then {^-} is 
a cocycle, and that if <p factors through Kr x then {7^-} £ i? 1 (U, </>*Os(l))- □ 

We are now ready to compute the coefficients Cj(4>) of 0(j — 2) (for j — 
-1, -2, -3) in £(0). First observe that (byE£3 

c_i(0) - c_ 3 (0) = X (P, 0.08(2)®^!)) - x(P, ^_i)(2)) + x(P,AA ( '_ 3) (2)) 

and that X (P, A/" ( '_ 1) (2)) = - X (P, A/" ( *_ 3) (2)) = 1 byEU (indeed, /i°(P,^_ 1) (2)) = 
/i- 1 (P,AA ( , _ 3) (2)) = 1 and /i- 1 (P,A r '_ 1) (2)) = /i (P,A r ( , _ 3) (2)) = 0). By definition 
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-A/'c*_ 1 n is the complex 



0-»O(-l) 



( 




0(1) -» 



(with TV? n = 0(1)). Therefore 



x(P,^Os(2)®^_ 1) )= ^(-l) i x(P,0*Os(2)®A^_ 1) ) 



i=-2 



= X (P, 0*Os(3)) - 2 X (P, 0*Os(2)) + X (P, 0.Os(l)) 

= X (Os ) + 3*T S 2 - 2( X (O S0 ) + Kl Q ) + X (O S0 ) = Kl = 4, 



so that c-\{4>) — C-s(<p) = 2. 

Lemma 4.3.6. Let g(x 2 ) = k po + hpi- Then 
H°(¥, 4>*O s (2) ® J^'-i)) = C © ft 3 /(ftift 2 + (acr + 6o"i + cr 2 , on + 6cr 2 + <t 3 » 
fm particular, /i°(P, 0*0 S (2) ® Af'^) = A) and 

H°(¥, ^O s (2) ® W ( *_ 2) ) s (T ,n)/(-k T - k lTl , {k b - fc ia )r + fcon). 
Moreover, with this identification the image ofH°(¥, ^>#(2)(g>.A/?_n) is ((0, 0(2:3))) € 



complex C* is such that iT(C") = iT(P, </>»0s(2) ® A/?^). C" is explicitly given 



and (denoting always by d' the differentials of the various C*(U, <p*Os(j))) 



<r c .(u,(v°,v 1 ),w) := (a;ot; +a;it; 1 +rf i (u),(-a; 1 «;-(i i+1 (t; ),a;ow-rf i+1 (t; 1 )),rf i+2 H) 
Vw G C J (U,<^0 S (3)), W.v 1 e C J+1 (U, 0,O S (2)) and \fw e C*+ 2 (U, <^0 S (1)). 



tD e Z 2 (U, ^O s (l)) \ B 2 (U, ^O s (l)) 
(observe that 2 (U, 0,O S (1)) = H 2 (V, 0,O S (1)) = C), 

i) ,?; 1 e C 1 (U,0*Os(2)) such that rf 1 ^ 1 ) = xow, d 1 ^ ) = -xiw 
(this is possible because d 2 (x w) — d 2 {x\w) — and H 2 (XJ, (f)*Os(2)) — 0) and 



H°(P, ^O s (2)®A^_ 1} ). 

PROOF. </>*£> s (2) <g> A/?^ is the complex 




by 



:= C l (U, 0,Os(3)) © C l+1 (U, ^0 S (2) 2 ) © C" +2 (U, 0,0 S (1)) 



First we fix 



u e C°(U, ^*O s (3)) such that = a^ + mw 1 
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(again, this can be done because ^(xqv + xiv 1 ) = and -ff 1 (U, </>*0s(3)) = 0). 
Now, let (u, (v°, v ), w) G Z°(C): by definition of d° c . : this is equivalent to the 
following conditions: 

d (u) — — xqv — xiv 1 , rf 1 (w°) = — Xiw, d 1 ^ 1 ) = Xqw, d 2 (w)=0. 

As d 2 {w) = 0, 3lk G C and 3k/ G C* 1 (U, </>*O s (1)) such that io = kw - d 1 ^'). 
Since 

d (v° — x\w' — kv°) = —x\w — x\(kw — w) + kx\w — 

and similarly d 1 ^ 1 + x Q w' ~ kv 1 ) = 0, and since H 1 (V , <f>*O s (2)) = 0, 3v'° >'* G 
C°(U,^O s (2)) such that d°(u /0 ) = w° - xito' - kv° and d ^' 1 ) = u 1 +x w' - few 1 . 
It follows that 

(u, (v°, v 1 ), w) + d^l (0, (v' , u' 1 ), w') = (u + xot 1 ' + aciu' , (A:w , Aw 1 ), few). 

As d°(u + xqv'° + xiv' 1 ) = —kxQV — kxiv 1 — — fcd°(u), we see that u + xqv' + 
x\v' + ku defines an element p G H°(XJ, </>*0g(3)) = TZ 3 . Now we want to see 
how this p changes for different choices of to', v and v . Instead of them we 
could choose w' + w", v' + v" and v' + v" , where w" is an arbitrary ele- 
ment of Z 1 (U,0,O S (1)), v ni G C (U,^Os(2)) are such that d°{v"°) = -x x w" 
and d°(i/ ) 

= xqw" , and then p would be changed by p — xqv" + x\v" G 
Z°(U,^O s (3)) = fl"°(U,^O s (3)) = U 3 . Ifw" = d°(w) G B^U^Ml)), 
then v"° = —xiw + v° and v" = x w + v 1 for arbitrary v l G Z°(U, <f>*Os(2)) — 
H°(U, 0,Os(2)) — 72-2, so that in this case p = x v° + xiv 1 G TZ{R 2 . Otherwise, 

bv 14. 3. 51 we can assume w'J '• = ■^ La - or to'' = In the first case (the other one 

is completely analogous) the v" % are given (up to elements of Z°(XJ, (/j»0g(2))) by 

u = , «i=0, w 2 = , v 3 = , 

X X2 X3 

//l n /,1 ?70,1 //l %,2 „1 ?7o,3 

xi a; 2 z 3 

so that ,5 = 770,1 (which we can assume to be ao~o + ba% + o-i bv l4.3.5|l . Now it is 
clear that the map 

H°{C) ^Cffi n 3 l{TZ{R 2 + (aa + bo x + a 2 ,aa l + ba 2 + cr 3 )) 

[(u,(v a y),w)]»(k,\p]) 

is well defined, and it is easily seen to be an isomorphism (non canonical, since it 
depends on the choices of w, v , v 1 and u): this proves the first statement. The 
computation of H°(W, 0»Og(2)(g)A/'*_2)) is similar and we shall omit it; we just want 
to underline the fact that fbv l4.3.4^l the terms — fcoT() — ^i T i an d i^ob — fcia)ro + koT\ 
are just 771,2 and rj^ 2 . It is straightforward to check that the map 

H°(P, 4,*{2) ® AA ( *_ 1} ) : i?°(P,AA ( , _ 1) (2)) = C ^ F°(P, <^O s (2) <8 
is as stated. □ 

Corollary 4.3.7. If g{x 3 ) e (aa + bai + <t 2 , a&i + ba 2 + cr 3 ) + H{R. 2 then 
c-i(<p) — 3 and c_3(</>) = 1, otherwise c-\{<f>) — 2 and c^ 3 ((f>) = 0. 

Let g{x 2 ) = kopo + k\p\. If k 2 — bkgki + ak\ = then C- 2 {4>) = 1, otherwise 
c_ 2 (0)=O. 
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Proof. Bv l3.2.6l we have 

c-i(4>) = h°(P, <f>*O s (2) - A - 2I3 + fc-i + fc-3, 

c_jW = h°(P, 0*O S (2) ® 7V7_ 2) ) - z° 2 - zZ^ + 2A:_ 2 . 

By 13.2.31 z° 1 = = 1, z°_ 2 = ^Z 2 = (whence fc_ 2 = 0) and fc_ 3 = (because 
also z° 3 = 0). Therefore c_i(0) = 2 + fc_i and c_ 2 (c/>) = /i°(P, </>«O s (2) <S> -A/f_ 2 ))> 
and then everything follows from l4.3Ul □ 

Remark 4.3.8. It is possible to prove that a good birational weighted canonical 
projection </> with c_i(0) = 3 or c_ 2 (0) = 1 actually exists. For instance, it is easy 
to see that the projection into P(l, 1, 2, 2, 3, 3) determined (in the obvious way) by 
cmjo + bai + (T 2 and ao\ + &<r 2 + 03 is good birational, and then it follows that there 
exists <t> good birational into P(l, 1, 2, 3) with gix^) G (aoo+froi + o^, aeri + &er 2 +(73). 

4.4. Explicit resolution 

We will assume that o(x 2 ) = Pa, q{x%) = c (and, as usual, q(xq) = 9 7 g(x\) = 
£) . First of all, we must check that this is an admissible choice. 

Lemma 4.4.1. With g as above, <fi is a good birational weighted canonical pro- 
jection. 

Proof. ^ is a morphism because every generator of 1Z is in y/ (9, £, po) (pi by 
rel\, C, o~i and Tj by the relj containing their squares). As for birationality, using 
relio we see that Xq(x2 + bxfypi belongs to the subring of TZ generated by 9, £, po 
and do- This means that (generically) two points of S mapped by </3 to the same 
point of P have the same coordinate pi , and then it is immediate to see that the 
same is true also for (, ai (i > 0) and n. □ 

Remark 4.4.2. reZ 10 also shows that Y = im0 does not contain the points 
[0,0,1,0] and [0,0,0,1], which are fbv I1.5.6J) the only non standard points of P 
(and also the only singular points of P) . 

Bv lOTI we have £ :=£{(/>) = O(-2)®O(-3) 2 e0 1 (-l) 2 , so that the resolution 
given bv 13.5. ll is of the form 

-> o(-8)eo(-6)eo(-5) 2 e(f7 2 ) 2 2* o®o(-2)®o(-3) 2 ©fi 1 (-i) 2 1* ^o s -* 

with a — a v (— 8). As a first step to construct a, we choose 7; Honip(0(— j), 4>*Os) 
will be identified, as usual, with TZj. Then we take j\o ■— 1, 7|e>(-2) := Pu 
7b(-3) 2 : = (o-i,C) and '■= (V,V'), where 77,77' £ Hom F (n 1 (-l), 0»O S ) - 

Homjp(ri 1 , </>»0g(l)) are as in 14.3.41 Making the computations (using the relations 
in TZ) it turns out that they can be chosen as follows: 

770.1 = aero + bai + <7 2 ; 

m,2 = &o; 

771.2 = -t + c9a + p9ai + (2A - b)9o 2 + 9a 3 ; 

m,3 = ZpI; 

m,a = -PoC - bd 2 ( + (c + ab- a\)9pl + b(b - X)9p oPl - bd£ 2 p + 9£ 2 Pl + (a 2 + 
bc-ap + e)9 3 p + (ab - bp + v - c)9 3 p x - a9 3 £ 2 + (ac - av + be)9 5 ; 
V2,3 = 0£(po/>i - Xp 2 o + (a - P)9 2 P0 + b9 2 Pl - 9 2 e + (c - ^)0 4 ); 
V'0,1 = a<J i + bo 2 + cr 3 ; 
Vo,2 = Col! 
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v'1,2 = bro + ri — c^cto + (c — 2t/)0cri — fi6a2] 

v'0,3 = Zpopi; 

77^3 = O( o C + piC + (a - 4o 2 + 4oA - p)9 2 C + (a/j - a 2 + 2a6 2 - 2a6A - e)6>Po + 
(c + a\ + 2b P -2v- 3a6 + 2b 3 - 2b 2 X)9p p 1 + (2a - 26 2 + 2b\ - p)6£ 2 p + (36 - 
2\)e( 2 pi + (av + cp- 2ac - Xe + 2b 2 c - 2bc\)9 3 p + (2cA + 2bv - 3bc - 2\v - 2b 2 p + 
2b\p)9 3 p 1 - (9£ 4 + (2c - v)9 3 £ 2 + {2b 2 1 - 26Ae + cv - c 2 )9 5 ; 

^2,3 = - Wi). 

Lemma 4.4.3. 7 := (l,pi,<ri,C,W) : C©C(-2)®C(-3) 2 e^ 1 (-l) 2 -> <^0 S 
is swc/i i/iai if 1 (P, 7(1)) and _ff°(P, 7(1)) Vi G Z are surjective. 

PROOF. Bv 14.3.41 and I4.3.5l it is clear that 

H\¥, (77,770(1)) : # X (P, (tt 1 ) 2 ) = C 2 ^(P, <j>*O s (l)) = C 2 

is an isomorphism. As for H°, since H°(¥, (f)*0$(i)) = Hi Vi £ Z, it is enough 
to prove that 7?. is generated (as graded P-module) by {1, pi, cri, £, iftj, T)[ j}, and 
this will follow if we show that 1Z is generated by {1, pi, ai, 02, 03, C, T o, t%, piC} (02 
comes from 770,1, 03 from rj' l5 to from 771,2, n from 77^ 2 and piC from i][ 3 ). Now, it 
is easy to see that we can always assume that a monomial in 1Z contains at most one 
of the variables 0$, £ and Tj, and with exponent at most 1. Moreover, the relation 
rel\ implies that we can assume that also p\ appears with exponent at most 1. It 
follows that 1Z is generated by 

{1, Pi, ci, 0-2, 03, C) T o, n, pi&i, /Oi02, picr 3 , piC, pi to, /om}. 

Moreover, using re/3, r e/4 and re/7 it is immediate to see that p\<J\, p\&2 and P1CT3 
are actually not needed, and similarly for piTo and piTi (using relg and relg). □ 

Then it follows from 13. 3 HI that 7 is surjective and ker7 = [O © £) v (— 8). Now 
we want to construct a morphism (3 : (O © £) v (— 8) — > O © £ such that 

-► (O © £) v (-8) ^> O © £ ^> ^O s -» 

is exact, and (again bv l3.3.(j|) it is enough to require that 70/3 = and H°(¥, (3(i)) 
is injective Vi € Z. First we need to fix some notation. The exact sequence 

-> o x (-i) -> = o(-2) 2 © o(-3) © e>(-4) d>c,( ' 1) » e>(-i) -» o 

induces naturally an exact sequence 

0^O®£ ^£ ^ O(-l) 2 -» 0, 

where £ := O © 0(-2) © C(-3) 2 © (C(-2) 2 © 0(-3) © C(-4)) 2 . Denoting v (-8) 
by *, we have also an exact sequence 

-> 0(~7) 2 £* A (O © £)* -► 0. 

It is then clear that giving (3 : (O © £ )* — ► © £ is equivalent to giving (3 : £* ^ £ 
such that d o /3 = and pod* — (of course, /3 = j o (3 o j*), and that /3 is 
symmetric if and only if /3 is. Observe that (3 can be identified with a 12 x 12 
matrix of homogeneous polynomials (in P). Moreover, the exact sequence 

-> n 2 (-l) -» IC- 2 (-l) = 0(-3) © C(-4) 2 © C(-5) 2 © 0(-6) -» ^ : (-l) -> 



84 



4. APPLICATIONS TO SURFACES WITH p g = q = 2, K 2 = 4 



induces naturally an exact sequence 

o -> n 2 {-i) 2 -> f © f -> o, 

where £' := O ® 0{-2) © C(-3) 2 /C~ 2 (-l) 2 . While /3 need not factor through 
p' (because Extp(Jl 2 , Jl 2 (— 1)) 7^ 0, and actually the morphism we are looking for 
does not factor), (3o j* factors through p' (since Extp(£*, fl 2 (— 1)) = 0), so that we 
must have = j o p' o (3' for some f3' ; £* — ► as we can see from the following 
diagram 

► C(-7) 2 — £-» £* — £— » (0ffi£)* ► 

► si 2 (-i) 2 ► £' — o©5 — -i— ► £ — i— > o(-i) 2 

which has exact rows, except at O © £. Then the condition d o (3 = is au- 
tomatically satisfied, whereas $ o d* — is equivalent to p' o (3' o d* = (be- 
cause j is injective). Setting 7' := 7 o p' : £' — > 0»0s (notice that, by definition, 
7' = (1) Pi, 0i, Ci {?7i.j }> 7°/? = is clearly equivalent to 7'o/3' = 0. Finally, 

i?°(P, /3(i)) injective Vi G Z translates into the condition that 
(4.4.1) 

- fl°(F,0(< - 7) 2 ) ™m flO(F, H°(f,( J V°g')W) ! flO^^jj 

is an exact sequence V« G Z (this is a consequence of the fact that, Vi G Z, 
ff°(P, is injective and H°(¥,j*(i)) is surjective, as H (F,O(i - 7)) = 0). 
We are going to sketch only how it is possible to find such a (3' . Since 

£* = C(-4) 2 © C(-5) 4 ffi C(-6) 5 © 0(-8), 

/?' is_given by sections ai,o 2 G ff°(P, £'(4)), b 1: ...,b 4 G H°(P,£' (5)), ci,...,c 5 G 
iJ°(P,£'(6)), e G #°(P,£'(8)). As we want 7' o ft = 0, it is clear that each of 
them must be in the kernel of the corresponding H°(P,j'(i)) (and must not be 
mapped to by H (P, (j o p')(i)) by H4.4.1|0 . So, for instance, denoting by g{p) 
(where p : C = 0(—i) — > </>*0s is one of the components of 7') a generator of 
H°(F,£(i)) = C, it is easy to see that ker7J°(P, 7' (4)) is generated by -xix s g(l) + 
9 (no, 2) and Xig{<j\) — g(ri' 02 ), so that we can choose them as a\ and 02. Continuing 
in this way, it is not difficult to find candidates also for hi, Ci and e: the hi must 
be chosen in such a way that, together with the xidi (I — 0,1), they generate 
ker#°(P, y(5))/F (P, Jl 2 (4) 2 ) (notice that before we didn't consider the analogous 
quotient because H° (P, S7 2 (3) ) = 0), and similarly for the Cj and e. It is clear that 
then 7' o = and the sequences (|4.4.1(l are exact, and it is also not hard to get 
that p' o (3' o d* = and even that the resulting morphism from (SI 2 ) 2 to Sl 1 (— l) 2 
is already symmetric. 

Once we have thus obtained the required (3 (corresponding to (3 = j op' o /?'), it 
remains only to symmetrize it. By 13. 3. til there exists an automorphism 5 of (0®£)* 
such that a :— f3 a 6 = a* and 

-> (0 © £)* 2+ O © £ -U 0*0 S -» 

is exact. It is immediate to see that finding such a S is equivalent to finding an 
automorphism 6 of £* such that <S := f3 o <5 = a* and 5 o d* = d* o s for some 
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automorphism s of 0{— 7) 2 . Regarding {3 as a matrix, composing /? with an auto- 
morphism of £* corresponds to making "homogeneous" elementary operations on 
the columns: one can multiply a column by a non zero constant, can exchange two 
columns corresponding to morphisms from 0{i\) and Ofa) with i\ = i2, and can 
add to a column a multiple of the "right" degree of another one. In our case, since 
the component of (3 from (/C _1 (-l)*) 2 = (/C~ 3 ) 2 to /C _1 (-l) 2 is already symmet- 
ric, we need only to modify the first 4 columns (those giving /?|e>(-8)ee>(-6)ee>(5) 2 )' 
which assures that Sod* = d* . After these computations, we eventually obtain the 
following symmetric matrix a — j o a o j*. Denoting by p2, p±, Q2, Qi the following 
homogeneous polynomials (subscripts denote degrees) 

p 2 := (ab — aX + c)x 2 — bx\ + bcx$, 

P4 := (aX — ab — c)x\ + bx\x 2 + (afi — a 2 — be — c)xqX2 + ax\x\ + (av — ac — be)x^, 
(j2 := b(X — b)x 2 — x\ + {bfi — ab + c— v)xq, 
q 4 := Xx\ + ((!- cl)xqX2 + x\x\ + (y - c)xq, 

the first 4 columns of a are 





0(-8) 


0(-6) 


0(-5) 


0(-5) 




o 





X0X3P2 


x p 4 


axlx 3 


o(- 


-2) 


X0X3P2 


26(6 — X)xqXz 


x q2 


-x 3 


0(- 


-3) 


X P4 


x q2 





x 2 + bxl 


0(- 


-3) 


axQX 3 


-x 3 


x 2 + bxl 





0(- 


-2) 





— XxqX\X2 





2 

XqXi 


0(- 


-2) 





x\ + Xx^X 2 


-X3 


x 


0(- 


-3) 





—X1X2 








0(- 


-4) 








Xl 





0(- 


-2) 


X0X1Q4 


-x xi(x 2 + bxl) 








0(- 


-2) 


x 3 ~ x 2 ~ x oQi 


x\{x2 + bxl) 








0(- 


-3) 


X x 2 











o(- 


-4) 


-XIX3 












and the last 8 rows and columns (those giving the component of a from (/C~ 3 ) 2 
to /C _1 (— l) 2 , which corresponds to the component of a from (f2 2 ) 2 to SI 1 ( — l) 2 ) 
are 





0(-6) 


0(-6) 


0(-5) 


0(-4) 


0(-6) 


0(-6) 


0(-5) 


0(-4 


0(-2) 




















2^3 


-ar 2 


0(-2) 


























0(-3) 






















2^0 


0(-4) 














2^2 





-x 





0(-2) 








-2^3 


2:2 














0(-2) 


























0(-3) 


£3 






















0(-4) 


-#2 





x 


















(of course, by symmetry we need not write the first 4 rows entirely). 



4. APPLICATIONS TO SURFACES WITH p g = q = 2, K 2 = 4 



Remark 4.4.4. It is easy to see that the component of a from (f2 2 ) 2 to r2 x ( — l) 2 
is as expected from HTTB - ^! ( observe that Pi = (xq,xi) and that the multiplication 
map Xi : H 1 (P, 0*Os) — ¥ H 1 (P, 0»Os(l)) is for i = and is an isomorphism for 
i=l). 

Remark 4.4.5. The fact that a = j o a o j* for some (uniquely determined) a 
is equivalent to the fact that, denoting by a' 1 ' the i th row of a, we have (as it is 
immediate to check) J2i=o Xi ^ 5+ ^ ~ an d Si=o a; i , 5' 9+l ' 1 = 0. 

Remark 4.4.6. We checked that, with a defined as above, a actually satisfies 
the rank condition and its determinant is an irreducible polynomial (of degree 24) . 



APPENDIX A 



Abelian categories and derived categories 

In IA.1I we recall the definition and some basic properties about the quotient 
of an abelian category by a localizing subcategory (see [O] for more details and 
proofs). In the rest of the appendix, besides proving a couple of results for which 
we could not find a reference, we give (without proofs) the essential elements of the 
theory of derived categories. A good reference for this subject is |H2I chapter I] 
(where almost all proofs can be found); see also |V] for more details on triangulated 
categories and derived categories. We refer to |Bonj for the part on exceptional 
sequences and mutations in a triangulated category. 

A.l. Quotient of an abelian category 

Definition A. 1.1. Let A be an abelian category. A full subcategory C of A 
is called thick if for every short exact sequence — > M' — > M — > M" — » in A, M 
is an object of C if and only if M' and M" are objects of C. 

Given an abelian category A and a thick subcategory C of A, it is possible to 
define the quotient category A/C, whose objects are the same as those of A, and 
whose morphisms are defined in the following way. Given M, N objects of A, the 
set 

I(M, N) := {(M 1 , N') | M' C M; N' C N; M/M' eC;JV'e C} 

is partially ordered by (M 1 , N') < (M", N") if and only if M" C M' and N' C N" . 
It is easy to prove that (I(M,N), <) is a direct set (since C is thick), and so we 
can define 

Hom A/c (M, N) := lim Hom A (M', N/N'). 

Again using the fact that C is thick, it is not difficult to see that there is a natural 
way of defining composition of morphisms, so that A/C is indeed a category. 

Proposition A.l. 2. / ]Gl prop. 1, p. 367}) If C is a thick subcategory of 
an abelian category A, then A/C is an abelian category and the natural functor 
T : A — * A/C is exact. 

Definition A. 1.3. A thick subcategory C of an abelian category A is called 
a right localizing subcategory of A if there exists a functor S : A/C — > A which is 
right adjoint of T : A -> A/C. 

Remark A. 1.4. Of course, one can define (in the obvious way) also the notion 
of left localizing subcategory. 

Clearly if S exists it is unique up to isomorphism of functors, and it is left exact 
(since it is a right adjoint). Moreover, we have the following results (jSl prop. 3, 
p. 371 and prop. 5, p. 374]). 
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A. ABELIAN CATEGORIES AND DERIVED CATEGORIES 



Proposition A. 1.5. The natural transformation (induced by the properties of 
adjoint functors) T o S — > id A / C is an isomorphism of functors. 

Proposition A. 1.6. Let F : A — > B be an exact functor between abelian 
categories, let G : B — > A be a right adjoint of F , and assume that the associated 
natural transformation FoG — > ids is an isomorphism of functors. Then, denoting 
by ker F the full subcategory of A whose objects are the A such that F(A) = and 
by T : A — > A/kcri* 1 the natural functor, kerf 1 is a right localizing subcategory 
of A and F induces an exact equivalence of categories F' : A/kerF — > B ; whose 
quasi-inverse is T o G. 



A.2. Triangulated categories 

A triangulated category is given by an additive category C with some additional 
structures. First there is an additive automorphism T : C — > C, called translation 
(or shift) functor; Vn G Z the functor T™ will be usually denoted by [n]. A triangle 
in (C,T) is given by three objects X, Y, Z and by three morphisms u : X — > y, 
v : y -» Z, to : Z -» X[l] of C, and will be usually denoted by X A y ^ Z ^ 

X[l]. A morphism between two triangles X — * Y — * Z — > A"[l] and X' — ► y ' — ► 

Z' X'[l] is given by three morphisms f : X —> X', g :Y —*Y' and h : Z Z' 
such that 

x — ^— » y — ^— ► z — ^— ► x[i] 



f 



/[i] 



X' — !i— » Y> — ^— » Z' — » A'[l] 

is a commutative diagram. Then a structure of triangulated category on (C,T) is 
given by a family of triangles (called distinguished triangles) which have to satisfy 
the following four axioms. 

(TR1): A triangle isomorphic to a distinguished triangle is distinguished. 
Every morphism u : X — > Y of C is contained in a distinguished 
triangle X A Y Z X[l}. 

For every object X of C the triangle X X -> -> X[l] is 

distinguished. 

(TR2): The triangle X Y ^ Z ^ X[l] is distinguished if and only if 

the triangle Y ^ Z ^ X[l] — ^ y[l] is distinguished. 

(TR3): Given two distinguished triangles X Y ^ Z X[l], X' 

Y' ^ Z' X'[l] and two morphisms / : X -» X', g : Y -» y' such 
that u' o f = go u, there exists a morphism ft : Z — ► Z' such that (/, 5, ft) 
is a morphism of triangles. 
(TR4): Given three distinguished triangles 

x^y nUz' ^X[\], 
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there exist two morphisms f : Z' —* Y' and g : Y' 
(idx,v,f) and (u,idz,g) are morphisms of triangles 



X' such that 



X 



Y 



X -^U z 



Z' 



id z 



X' 



X[l] 



idx[i] 



„[1] 



Y[l] 



and Z'iy'^» X' 



u'[l]ov" 



Z'[l] is a distinguished triangle. 



A functor between two triangulated categories is said to be exact if it com- 
mutes (up to isomorphism) with translation functors and if it carries distinguished 
triangles to distinguished triangles. A functor H : C — > A between a triangulated 
category and an abelian category is called cohomological if for every distinguished 
triangle X ^ Y ^> Z ^> X[l] of C the sequence 

■ ■ ■ ^ ff(A) -^l ^ ^ tf(F[l]) ^ ■ ■ ■ 

is exact in A. 



ties: 



PROPOSITION A. 2.1. A triangulated category C satisfies the following proper- 

(1) the composition of two consecutive morphisms in a distinguished triangle 
is zero; 

(2) for every object M of C, Hom c (M, -) : C -> Ab and Hom c (-,M) : 
C° — > Ab are cohomological functors; 1 

(3) /or eijen/ morphism u : X — > Y in C a distinguished triangle of the form 
X ^ Y ^ Z ^ X[l] (which exists by (TRl)j is noi unique, but the 
object Z is uniquely determined up to isomorphism; moreover, u is an 
isomorphism if and only if Z = 0. 

For the rest of this section we will assume that IK is a field and that C is a EC- 
linear triangulated category (namely, a triangulated category in which Home {X, Y) 
has a structure of K- vector space for every objects X and Y of C such that com- 
position of morphisms is K-bilinear and the shift functor is K-linear) . 

Definition A. 2. 2. An object E of C is called exceptional if Hom c (i?, E)=K 
and Hom c (£, E[k}) = for k ^ 0. 

A sequence (E , ■ . . , E m ) of objects of C is called an exceptional sequence (or 
collection) if each is exceptional and Homc(-Ei, Ej [k]) = for i > j and Vfc e Z. 

An exceptional sequence (E , ■ ■ ■ , E m ) is strong if Home (E i} Ej[k]) — for 
k 7^ and 

An exceptional sequence (E , . . . , £" m ) is /u/i if {-Bo, • • ■ , -Em} generates C as 
a triangulated category (i.e., if every strictly full triangulated subcategory of C 
containing the Ei coincides with C). 



C° has a natural structure of triangulated category. Ab is the category of abelian groups. 
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Remark A. 2. 3. Given ko, . . . , k m 6^, a sequence (£b, ■ • • , E m ) is exceptional 
(and full) if and only if (Eo[ko], . . . , E m [k m ]) is exceptional (and full). On the other 
hand, the property of being strong is not preserved in general, unless ko — ■ ■ ■ — k m . 

We will assume also that diniK (Bfcez Homc(X, Y\k\) < oo for every objects 
X, Y of C and we will denote by LxY the object of C defined (up to isomorphism) 
by the distinguished triangle 

L X Y -> 0(Hom c (X[fc], Y) ® K X[k]) A Y -> (L X Y)[1] 

fcGZ 

(where u is the natural morphism). 

Proposition A. 2. 4. If a = (E , ■ ■ . ,E m ) is a (full) exceptional sequence of 
C, then for i = 0, . . . m — 1 £/ie sequence (Eq, . . . , £?i_i, I^Bj+i, £"i+2, • • • , 
(called a left mutation of a) 2 is (full) exceptional, too. 

Given a sequence (£o, • ■ • , -Em), for < j < i < m we define inductively objects 
L^Ei by L^Ei := E, and L^E l := . (L^" 1 )^) for j > 0. 

Corollary A. 2. 5. If a — (E , . . . , i? m ) is a f/u/^ exceptional sequence of C, 
tften tte segttewce (L^E m , L^ m -^E m _ u L^E^L^Eq = E ) (called the left 
dual of a) is (full) exceptional, too. 

A. 3. Derived categories 

If A is an abelian category or, more generally, an additive subcategory of an 
abelian category, C(A), K(A) and D(A) will denote the category of complexes, 
the homotopy category and the derived category of A, respectively: we recall the 
definitions. 

The objects of C(A) are just the complexes of A (by a complex we always mean 
a cohomological complex, that is differentials have degree +1) and the morphisms 
are just usual morphisms of complexes. A complex 

...^ x - 1 ^x°^x 1 ^--- 

will be denoted by X'; similarly, a morphism of complexes from X' to Y' given 
by morphisms f l : X 1 -> Y i (with dp. 1 o f = f i+1 o d l x .) will be denoted by /*. 

The objects of K(A) are the same as those of C(A), whereas the morphisms 
are the homotopy equivalence classes of morphisms of complexes (two morphisms 
f',g* : X* — ► Y* in C(A) are homotopic if there exist morphisms k l : X 1 — > Y l ~ 1 
such that /* — g l = dy. 1 o k l + k l+1 o d l x .). By abuse of notation we will denote 
in the same way a morphism of C(A) and its equivalence class in K(A). Note 
that if /* : X' — > Y' is a morphism of if (A), then the morphisms in cohomology 
iP(/*) : H''(X') -» ^(y) are well defined: in particular, /* is said to be a 
quasi-isomorphism if H l (f) is an isomorphism Vz G Z. 

The objects of D(A) are always the complexes of A, but the morphisms 
are obtained from those of K(A) by inverting formally the quasi-isomorphisms: 
more precisely, a morphism in D(A) from X' to Y* is represented by a couple 
of morphisms (of K(A)) («• : Z" -» A', /* : Z' -» F*) where s* is a quasi- 
isomorphism and Z* is another object of -D(A); on these couples one introduces 



There is also a similar notion of right mutation, which we will not consider. 
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the equivalence relation generated by the direct relation which identifies two cou- 
ples (s' : Z' -> X',f : Z % -» V) and (*• : W -> : IT* -> Y') if there 
exists a morphism a' : Z' — > such that /* = o a* and s* =i'oaV The 
equivalence class of a couple (s*, /*) will be denoted by [(s*, /*)] (or by [(s*, /*)]a 
if there can be doubt about A); if s' = idx«, we will simply write [/*] instead of 
[(idx-,/*)]- 

Clearly C(A), K(A) and -D(A) are all additive categories, but, while C(A) is 
abelian if A is abelian, this is not the case for K(A) and D(A). On the other hand, 
K(A) and D(A) have a natural structure of triangulated categories, which we are 
now going to describe briefly. 

Vn£ Z the shift functor [n] : C(A) — > C(A) is defined on objects by 

X[nP 4. [n] := (-1)"^ 

and on morphisms by f[n} 1 := /™+\ Since the shift functors preserve homotopic 
morphisms and quasi-isomorphisms, they induce shift functors (denoted again by 
[n]) also on K(A) and D(A). Clearly in each case [n] is an additive automorphism 
and [n] o [m] = [n + m] Vn, m e Z. In order to be able to say what are the distin- 
guished triangles of K(A) and D(A) we need to recall the definition of mapping 
cone of a morphism of complexes. 

Definition A. 3.1. The mapping cone of a morphism of complexes /* : X' — ► 
y is the complex MC(f) defined by 

f-rl n+1 n \ 

MC(/T := A" +1 7", ^ c(/ .) := pft ^ J . 

There are natural morphisms of complexes (inclusion and projection) 
i(/*) : Y' -+ MC(f'), p(.n ■ MC(f) - X'[l}. 

Then a triangle in K{A) is distinguished if it is isomorphic to a triangle of the 

form X A Y MC(f) A[l] for some morphism of complexes f. A 

triangle in D(A) is distinguished if it is isomorphic to the image of a distinguished 
triangle of A (A) under the natural functor Q : A (A) — > D{A) (which is therefore 
exact by definition). The distinguished triangles of D(A) can be characterized in 
the following way. 

f q' 

Proposition A.3.2. I/O — > X' - i — ► Y* — > is a s/iort exaci sequence of 

If] 

complexes, then there exists a morphism a : Z* — > A'[l] m £>(A) smc/i A* ► 

is a distinguished triangle. Conversely, every distinguished 
triangle in D(A) is isomorphic to one of this form. 

Given a complex X' of A and n € Z, we will denote by A-™ or X <Il+1 the 
complex defined by 

(A^y:=P 4<„:=(^* ifZ<n - 

v ; [0 ifi>n x ~ \0 ifi>n 

In a similar way we define the complex X- n = X >n ~ 1 . Then Vn e Z there is a 
short exact sequence of complexes ^ X- n — > A* — » A <n — > 0, which gives a 
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distinguished triangle not only in D(A) (as we know from lA.3.2[l but even in K(A). 
Indeed, denning 8' x . „ : X <n [-1] -► by 




it is very easy to prove the following result. 

Lemma A.3.3. VX* e K(A) andVn e Z the triangle X <n [-1] X^ n 
X* -» AT <n zs distinguished in K(A). 

An object AT of A will be always considered as a complex concentrated in 
position 0. Obviously this defines functors A — > C(A), A — > if (A) and A — > D(A), 
the first two of which are clearly fully faithful. We have besides the following result. 

Lemma A. 3. 4. The natural functor A — > D(A) is fully faithful (i.e., A can be 
identified with a full subcategory of D(A) ). 

C+(A), K+(A) and D+(A) will denote the full subcategories of C(A), K(A) 
and D(A) having as objects the complexes which are bounded from below (i.e. 
complexes X* such that X 1 — for i « 0). K + (A) and D + (A) are triangulated 
subcategories of K(A) and D(A), and D + (A) is equivalent to the the full subcate- 
gory of D(A) having as objects the complexes X* such that H l (X') — for i << 0. 
Similarly, C~(A), K~(A), D~(A) and C b (A), K b {A), D b (A) will denote the full 
subcategories consisting, respectively, of complexes which are bounded from above 
and bounded in both directions. 



A. 4. Derived functors 

Let A and B be abelian categories, and let K*(A) be one of the homotopy 
categories K(A), K+(A), K~(A) or K b {A). If F : K*{A) -> K(B) is an exact 
functor (the only case we are actually interested in is when F is induced by an 
additive functor A — * B, also denoted by F by abuse of notation), then it is not 
true in general that F induces a functor D* (A) — * -D(B) (this happens if F preserves 
quasi-isomorphisms, e.g. if F : A — > B is exact). In any case, one can define the 
right derived functor of F in the following way. It consists of an exact functor 
RF : D*(A) — > D(B) together with a morphism of functors £ : Q o F — > RF o Q, 
satisfying the following universal property: if G : D*(A) — > -D(B) is an exact 
functor and (^:QoF~^GoQ is a morphism of functors, then there exists a unique 
morphism r\ : RF — * G such that £ = (r/ o Q) o £. The analogous definition of 
left derived functor LF can be obtained just inverting the arrows £, £ and 77. It 
is clear from the definition that derived functors are unique up to isomorphism, if 
they exist. 

A sufficient condition for the existence of RF : D + (A) — * D(B) (respectively 
LF : D~(A) — > -D(B)) is that A has enough injectives (respectively projectives). 
If this is the case, then RF can be computed as follows: given X' £ K + (A), there 
exists a quasi-isomorphism X' — > I* in K + (A) such that each F is injective, and 
then one can define RF(X') := F{I'). Setting R l F(X') := W{RF(X')), we see 
that, in particular, the functors i? 1 ^ 1 restricted to A C D(A) are the usual right 
derived functors of F : A — > B (in case F is left exact). 
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If A is an abelian category, then HorriA(— , — ) : A° x A — * Ab induces a 
functor, again denoted by 

Hom A (-, -) : K(A)° x K(A) -> if (Ab). 

Proposition A. 4.1. If A has enough infectives, then 

ifflom A (-, -) : D(A)° x D + (A) -> D(Ab) 

exists and i? l Hom A (— , — ) — Hora£)( A )(— , — [i]) \/i G Z. In particular, if X,Y G A, 
then Ext A pf,y) = Uom D(A) (X,Y[i\). 

A. 5. Some related results 

Lemma A. 5.1. Let A be an abelian category and B a full abelian subcategory of 
A. Assume that for every surjective morphism f : A — ► B in A with BgB there 
exists a morphism g : C — ► A in A such that CgB and fog is surjective. Then for 
every X* £ K~(A) such that H l (X*) e B Vi £ Z, there exists a quasi-isomorphism 
s m :Y' -> X' in K~{A) such thatY' G K~(B). 

Proof. It is not difficult to adapt to this more general setting the proof of the 
first part of HI, III, lemma 12.3], where the particular case A = Mod(A) and 
B = mod(yl) (A a noetherian ring) is considered. □ 

Corollary A. 5. 2. Let A and B be abelian categories satisfying the same hy- 
potheses as in IA.5.11 Then VX*,Y* G D~(B) the natural map 

V : Rom D - (B) (X',Y') -> Rom D - (A) (X' ,Y') 

is an isomorphism. In other words, D~ (B) can be identified with a full subcategory 
ofD-(A). 

Proof, ip is injective: assume that 

[(«• : Z' -> X', f : Z' -» F*)] B € Hom D - (B) (A', Y*) 

(with s* quasi-isomorphism in if~(B)) is such that /*)]b) = [( s % /*)]a = 0. 

By definition this means that there exists a quasi-isomorphism t* : W* — > Z* in 
if - (A) such that f'ot* = in if - (A). Bv lA.5.ll there exists a quasi-isomorphism 
u' : V -> W with V G K-(B), and then /* o (f o u') = in #"(B), i.e. 

[(s*,r)]B = o. 

tp is surjective: given 

[(«• : Z' -» A',/* : Z* - F')] A G Hom D - (A) (X*,y) 

(with s* quasi-isomorphism in if - (A)), bv lA.5.l1 there exists a quasi-isomorphism 
i* : W -> Z* with W G if~(B), and then 

[(*', D]a = [(a* ° <V /' ° f)] A - ¥>([(*' o f, /' o *-)] B ). 

□ 

Proposition A. 5. 3. Lei A &e an abelian category with enough infectives and 
letX',Y m G K b (A) be such that Ext ; A (X*>,y«) — /or < « < p - a and Vp, g G Z. 
Tften t/iere is a natural isomorphism 

Rom K(A) (X',Y') ^> Hom D(A) (A',y). 
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PROOF. First we prove that Vg £ Z the natural map 

Rom K(A) (X', Y q [t -<?]) - Eom D(A) (X',Y«[t - q]) 

is an isomorphism if t < and is injective if £ = 1. Fixing g € Z, we denote by K' t 
(respectively D' t ) the (contravariant) functor Hom^( A )(— , Y q [t — q\) (respectively 
Hom/jfAjf-.y'li — ?])) and by e£ the natural transformation K' t — » We have 
to prove that ejpf*) is an isomorphism if £ < and is injective if t = 1: as usual 
(since X* is bounded) it is enough to show that the same is true for e' t (X- p ) \/p e Z, 
and we can proceed by descending induction on p, because this is trivially true for 
p » 0. Applying e' t to the triangle X>p -> X^ p -> X p [-f>] -> X >p [l] (which is 
distinguished in K b {A) bv lA.3.3jl . we obtain a commutative diagram with exact 
rows 

K' t {X>P[l]) ► ^(^[1]) ► K' t {X^) ► K> t {X>v) ► K' t {A') 



\e' t {X>v[X)) |<(A'[1]) [e'AX^) 



e' t (X>n 



D>(X>P[l}) ► D[{A'[l\) ► D' t (X^) ► D' t (X>P) ► D'(A') 

(where A' := X p [-p- 1]). By the inductive hypothesis e' t {X>P[l]) = eJ_ x (X >p ) is 
an isomorphism for £ < 1 and e' t (X >p ) is an isomorphism for £ < and is injective 
for £ = 1. Since Vp' G Z 

(0 Jtp'^q-t 

and D£(XP[-p']) = Ext^ 9+t (AP,r9) Cbv lA.4.10 . the fact that Ext^XP ,Y q ) = 
for < i < p — q implies that eJ(A*[l]) is an isomorphism for £ < and is injective 
for £ = 1, and that e' t (A') is always injective. Then it follows from the five lemma 
that e' t (X- p ) is an isomorphism if £ < and is injective if £ = 1. 

Denoting by K t (respectively D t ) the functor Hom#:(A)P^*i ~W) (respectively 
HorriD(A)(-X'*, —[£])) and by the natural transformation K t — > D t , we have to 
prove that et(Y°) is an isomorphism for £ = 0, and we will prove more generally 
that it is an isomorphism if £ < 0. As before, it is enough to show by induction on 
q that e t (Y- q ) is an isomorphism if £ < 0. Applying e t to the distinguished triangle 
Y <q [— 1] — > Y q [— q] — > y- 9 — * F <<? we obtain a commutative diagram with exact 
rows 

K t (Y< q [-l]) ► K t (B') ► K t (Y^) ► K t {Y< q ) > K t (B'[l}) 



e t (Y<->[-i]) r t(Y ~ q) r t{Y<q) 

D t {Y< q [-l]) ► D t (B') ► D t (Y^ q ) ► D t (Y< q ) ► D t {B'[l]) 

(where B' := Y q [-q\). Now, e t (Y <q ) and e t (Y <q [-l]) = e t -i{Y <q ) are isomor- 
phisms (by induction) for £ < 0. Moreover, by what we have already proved, 
et(B') = e' t (X*) is an isomorphism for £ < and et(B'[l — q]) = e' t+1 (X') is an 
isomorphism for £ < and is injective for £ = 0, whence et(Y- q ) is an isomorphism 
if £ < by the five-lemma. □ 

Remark A. 5. 4. The above result is proved in |AOj . under the stronger hy- 
pothesis Ext a (X p , Y q ) = for i > 0. 
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